BBEJEHUE B TOIOJIOTUIO / Tonoaorus-1

ITAHOB Tapac EBreabeBuu

Mexanuko-maremarudeckuii pakyabrer MI'Y um. M. B. Jlomonocosa

Heszapucnmbrit MockoBeK#it yHUBEpPCUTET

[Tocnenusist penaxmus: 7 Hostopsa 2019 .



CO/IEPYKAHUE

[Ipeaucioue

Crmcok nuTepaTypbl

1. HeobxonmMmele cBegeHnd U3 0OINEH TOIOIOTUA
OcHOBHBIE TOHATHS

[TpousBeennst m KOMPOU3BEJICHU, TEKAPTOBLI U KOJIEKAPTOBBI KBAIPATHI
Tomosiorust Ha MPOCTPAHCTBE OTOOPAKEHMIT

Bajaun u ynpaxKHeHus

2. Omneparuu HaJ TOMOJOTHIECKUMHI TTPOCTPAHCTBAMHI
Komnyc, najcrpoiika u JzKOiH

[IpocTpancTBa ¢ OTMEYEeHHOH TOYKOIM

[IpocTpancrBa myTeii u neresnb

3aja4un v ynpaxKHeHusd

3. Tomoromnuu u TOMOTONMHUYECKUE SKBUBATCHTHOCTH
3ajaun U ynpaKHeHus

4. Kierounbie npocTpancTBa

Ompenenenne u npuMepsI

CBOICTBO TIPOIOIKEHTST TOMOTOTIHH

Teopema 0 KJIETOUHOI aNIPOKCUMAIIHH

3ajavun u ynpaxKHeHud

5. @DyHIaMeHTaTbHAS rpynna

Omnpejiesiere 1 OCHOBHBIE CBOHCTBA

3aBUCUMOCTD OT OTMEYEHHON TOUKH

OynjjaMeHTaj bHas IPYIIIA OKPYKHOCTH

Bajaun U ynpaxKHeHus

6. Teopema Ban Kamnena

CB00OIHOE TTPOU3BEIEHTE TPYIIT

DopMyIUPOBKA 1 JOKA3ATETHCTBO TEOPEMBI

Sajavun u ynpaxKHeHud

7. @OyngaMeHTajJbHas IPYINA KJIETOYHOTO HPOCTPAHCTBA
3aja4un u ynpaxKHeHusd

8. HaxkpoiTusa

Ompegenenne u npuMepsbl

CBOICTBO TTOJHATHS TOMOTOIUI

Hakpoitug u dhyHjgamMenTaabuas rpyIma

Teopema 0 nogugaTHN OTOOpAZKEHUI

YHuBepcaIbHOE HAKPBITHE

Knaccudukaiusa HaKpPBITHIT

['padwi, cBoboaHbBIE IpyHIbl U Teopema Hunbcena—Illpaitepa
3aja4un u ynpaKHeHusd

9. Paccmoennsa

JIoKa/IbHO TpUBHAJBHBIE paccjoeHnsi. CBOMCTBO MOMHSITHS TOMOTOIIHI
Paccioenns B cmbicte I'ypesuuaa u Ceppa

Paccyioenus n kopaccioenus. Teopema hakTopu3anum
Bajaun u ynpaxKHeHus

10. T'omoTonumyeckne rpynibt

O O W W NN

10

12
13
14
14
15
16
16
16
21
23
26
27
27
29
30
32
32
33
34
37
38
40
41
41
41
42
43
44
46
46
48
49
49
51
52
54
o6



Ompenenenne. KommyraruBaocTs 56

OTHOCI/ITeﬂbeIe TOMOTOIIMYIECKHE I'PDYIIIIBI. TO"IHaH TOCJIe 10BATEJIbHOCTD ITaphbl 57

['omoTonn4aeckas mocse10BaTeTbHOCTh PACCTOCHUS 59

Teopema VaiiTxena 61

3aja4un v ynpaxKHeHusd 62

[IpeameTHBI YKa3aTe b 63
[IPEANCJ/IOBUE

D10 uepsasi 4acTh 06a30BOr0 Kypca Jeknuii 10 ajrebpamveckoii rouosorun (Kyp-
cbl «BBejieHne B TOIOJOTHIO» HA MexXaHHKO-MaremMarudeckom daxkyibrere MIY u
«Tonosorus-1» B HezaBucumom MOCKOBCKOM yHUBEpCHTETE).

OcHoBHAast 9aCcTh Kypca — Hadasa Teopun romoronuit. Cioga BXOAUT TEOPHS KJIETOIHBIX
MPOCTPAHCTB, (DYHIaAMEHTAJIbHAS TPYNNA, HAKPBITHA, TOMOTOMNYIECKAsT TEOPUST PACCI0e-
HU U BBICIIHE TOMOTOIMYECKHE IPYIIIHI.

Hannprit Teker goctynen na crpanuie T.E. [lanoBa na caiite kadeapsl BbIcIIei reo-
MeTpuu ¥ Tomojoruu: http://higeom.math.msu.su/people/taras/

CIUCOK JIUTEPATYPHI

[Ba] B. A. Bacunbes. Bsedenue 8 monoaozuro. Mocksa, ®asuc, 1997.

[BUHX] O. 4. Bupo, O.A. Usauos, H.}O. Henseraes, B. M. XapiamoB. Ouemenmapnas monosozus.
Mockga, MITHMO, 2010.

[©D] A.T. ®owmenxko, /1. B. ®ykc. Kypc zomomonuueckoti monoaozuu. Mocksa, «Haykay, 1989.

[Xa] A. Xaruep. Axnzebpauueckas monoaozus. Mocksa, MITHMO, 2011.



1. HEOBXOAUMBIE CBEAEHMST U3 OBIIEN TOMOJIOTUA

OCHOBHEIE TIOHATUA.
Tonoaozuneckum npocmpaHcmeom HA3BIBAETCI MHOXKECTBO X ¢ BBIIEJTEHHBIM HaOOPOM
IOJIMHOYKECTB, HA3BIBAEMBIX OMKPbIMbILMU, KOTOPBIE YIOBIETBOPAIOT YCIOBHUSIM:

(a) mycToe MHOXKECTBO & M BCE MHOYKECTBO X SIBJISIIOTCSI OTKPBITBIMI;
(6) oObeauHenue J060ro HAboPa OTKPHITBIX MHOKECTB SIBJAETCS OTKPBITHIM;
(B) mepecedenne KOHETHOTO YHCIA OTKPHITHIX MHOXKECTB SIBJISIETCSI OTKPBITHIM.

Habop 7 OTKPBITBHIX IOIMHOXKECTB TaK2Ke HA3bIBAETCA 1MONoA0zuell Ha IpoCcTpaHcTBe X .
Ecau na mHO)KecTBe X BBEIEHBI ABE TOMOJOTHN T1 U 7o, IPHIEM KaZKI0€ IIOIMHOKECTBO
u3 7i J1eXKUT B T2, TO TOBOPAT, YTO TOMOJOTUs T; 2pybee TOMOJOIHH Ta, & TOMOJIOIHS To
MOHbULE TOTIOJOTHHN 7.
Cawmoit ToHKOI# TOomoTorHe#t Ha X sBAsgeTcs duckpemmad, B KOTOPOi BCe TTOAMHOYKECTBA,
OTKPBITHI, & caMoii rpy6oit — anmuduckpemuas, B KOTOPOR OTKPBITHIMU SABJISIOTCS TOJIBKO
gnX.

Bameuarue. BMecto TepMuHOMOrHA TPyOasi/TOHKAsT B MATEMATHKE YaCTO HCIOJIB3YETCs
TEPMHUHOJIOTUS CUADHAA/ CAAOAA TOTOTOTHsL. 110 5TOMY TIOBOLY MPHUBEJIEM IUTATY U3 KHHU-
ru [DD] (crp. 13):
Tepmunbl «cjaabasi TOMOJIOTHS> U «CUJIbHAS TOMOJOTHS> HE WUMEIT B Ma-
TeMaTuKe eJUHOTO TOJjKOBaHud. Mbl cunrtaeM Tomosoruio 6ojee caadoit,
ecJIu B Hell OOJIbITe OTKPHITHIX MHOYKECTB, T. €. MEHbIIE MPEIeJIbHBIX TOUEK
(y Hac ciabee Beex auckperHas Tonosorns). O6pa3Ho BhIpazkasach, ciaabas
TOIIOJIOTHS — 3TO TOIOJIOTHsI, B KOTOPOH TOUKH cjadee MPUTATHBAIOTCS
apyr K apyry. [IpoTnBomosioKHast TEPMHHOIOTHAST UCXOIUT W3 IPEICTAB-
JIEHUsI, 9TO B TOMOJIOIHYECKOM IIPOCTPAHCTBE TOYKH OTTAIKHBAIOTCS JIPYT
oT apyra (IO OTHONIEHHIO K 3TOW TEPMUHOJOIMU JUCKPETHASI TOIMOJIOTHSI
SIBJISIETCST CAMOM CHJIBHOIH ).

DaemMeHTH £ € X TOMOJOIHYECKOTO TPOCTPAHCTBA HA3KIBAIOTCA Moukamu. JIroboe or-
KpbiTOEe MHOXKecTBO U, cojepzKkaliee JaHHYIO TOUKY * € X, Ha3BbIBACTCS OKPECMHOCITILIO
9TOU TOYKH.

Otrobpazkenue f: X — Y TONOJOTHYECKUX ITPOCTPAHCTB HENPEPBLGHO, €CITH JIJIsI JTI0O0T0
OTKpBITOTO MoAMHOKecTBA U C Y mommmuoxkectso f~1(U) oTkpoiTo B X .

ITpumep 1.1. Ha BemecrBennoit mpamoit R BBoguTcst cmandapmmas TOMOIOTHS, B KOTO-
poit MmHOXkecTBO U C R oTKpbITO, ecin st Jiro0oit Toukn x € U muokecTtBo U comep:KuT
uHTepBaJ (r — &, x + €) s Hekoroporo € > (. Takum 06pa3oM, OTKPBITBIE MHOMKECTBA
Ha R — 310 00beuHeHNsT (BO3MOKHO, OECKOHETHOIO YHCIA) HWHTEPBAJIOB.

B ananmuze dynknug f: R — R #HazbiBaeTcs HeIpepbIBHOM, €CIn I JII000i TOUKu g €
R u mo6oro € > 0 cymectByeT Takoe d > 0, uto ecau |z — x| < 0, 1o |f(x) — f(x0)] < €.
Hazosem BpeMenno takyio QyHKIHIO €-0-HENPEPbLEHOT.

IMpennoxenne 1.2. QPynrxyus [ asaaemcs e-0-nenpepuieroti moz0a u Moavko mozda,
Koz2da ona Henpepuera kak omobpascerue f: R — R,

Joxazamenavcmeo. 1lycth f: R — R — HekoTopast e-0-HempepbiBHas (DYHKIUA U PACCMOT-
puM orkpbiToe noamuoxecrso U C R. Torua s Joboit rouku zg € f~H(U) naiigéres
takoe € > 0, uaro (f(zg) — ¢, f(xo) + €) C U (rak xak U orkpwiTo). [di1g sroro &, cornac-
HO ONpPeIeJIeHII0 E-0-HeIPePBIBHOCTH, HalixéTest Takoe 0 > 0, uro ecau |x — xg| < 0, TO
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|f(z) = f(z0)| < e. TTocnennee nepasencTso o3uaqaer, aro f(x) € (f(xo) —e, f(xo) +¢) C
U, asnaunt x € f~1(U). Mb1 noayuun, uaro ais zg € f~1(U) naiinéres rakoe § > 0, ato
|z — 0| < § BrewéT x € fH(U). D10 03mauaer, uto f~(U) orkpwiTo. Tak, oTobpazkenue
f: R — R menpepbBHO.

O6patno, mycts f: R — R menpepsisno. Beibepem g € R u ¢ > 0. Uarepsan (f(xg) —
g, f(zo) + €) OTKPBIT, TTOITOMY €ro mpoodpa3 OTKPHIT U COIAEPKUT To. CiremoBaTesbHo,
Haiinérca takoe § > 0, uro (zg — 0,29 + 0) C f 1 (f(wo) — €, f(wo) + €). Tocneanee
YCJIOBHE 9KBUBAJIEHTHO TOMY, 4TO ecan | —xo| < 6, 10 | f(x) — f(z0)| < e. Urak, dyuxius
f aBasercs e-0-HEMpPePBHIBHOIA. O

asee mox «IIpoCcTpaHCTBOM» MBI OyJAeM IIOHMMATh TOIIOJIOTUYECKOE IIPO-
CTPAHCTBO, a MO «OTOOpa>keHneM» — HeIpepPbIBHOE OTOOpa>keHue.

Otrobpaxkenne f: X — Y Ha3bIBaeTcsd 20MeoMOpPOuU3MoM, eCIH OHO HeNpPepbHIBHO, B3a-
HMHO OJJHO3HAYHO U obpaTHOe orobpaskenne f':Y — X rtakske menpepniBHO. /IBa mpo-
CTPAHCTBA 20MEOMOPPHYI, €CIH MeXKJy HUMH CyliecTByer romeomopdsum. Jlas romeo-
MopdHBIX pocTpancTs X un Y ucnosib3yercs obozHadenne X = Y.

Ob6parum BanManue, 910 ecm f: X — Y — HenmpepwsIBHOE B3aUMHO OJHO3HATHOE 0TOO-
pazkenne, To f~1: Y — X MoxkKeT He OBITH HEIIPEPBHIBHBIM.

ITpumep 1.3. Ilyctp X npeacrasiisger coboit MHOZKECTBO U3 JIBYX 3JIEMEHTOB C JIMCKPET-
HOIt ToTOJI0THEl, a Y — TO »Ke MHOYKECTBO C aHTHUIMCKPETHOH TormoJiorneii. Tormga Toxie-
crBeHHOE oToOpaxkeHue X — Y HelmpepbIiBHO, a ero oOpaTHOe — HeT.

Kazxmoe mogmuaokectBO A C X SBASETCS TOMOJOTHIECKUM MTPOCTPAHCTBOM OTHOCH-
TEJIBHO UHOYUUPOBAHHOT, TOTIOIOTHH, B KOTOPOI OTKPBITHIe MHOXKeCTBa uMetoT Bug ANU,
rae U orkpeito B X. Ilpu sTrom orobpazkenune eaoscenus i: A — X HempepbIBHO.

[lommuoxkectBo A C X 3amrxHymo, ecau ero AONOJTHEHHE OTKpPHITO. Touka z € X
Ha3bIBaeTCa npedesvhoti s moaMHokectBa A C X, ecun J100ast OKPECTHOCTh TOYKHU X
comepKuT TOUKy u3 A, ormuanyio ot x. [logmuoxkectBo A C X 3aMKHYTO TOIIa B TOJIBKO
TOTJIA, KOTJIa OHO COJEPYKUT BCE CBOM TIpeJIe/IbHbIE TOUKHN (YIparkKHEeHHE ).

[IpocrpancrBo X ¢64A3H0, €CJIM €ro HeJlb3sl MPEeACTaBUTh B Buje oObeguHenuss A LI B
HEIIePECEeKAINNXC ST TTOAMHOXKeCTB A 1 B, KaXK[0e U3 KOTOPBIX HEIyCTO U OTKPBITO.

[TpocTpancrBo X Komnaxmmo, €Ciu U3 KazKJ0TO ero MOKPBHITHA OTKPBHITHBIMH MHOYKe-
crBamu X = Uiel U; MOXKHO BBIJIEJINTH KOHeTHOe nojanokpeitne X = Uy U ... UU,.

[IpocTpanctBo X zaycdopdoso, eciu y JIIOOBIX €ro JIBYX pa3jUYHBIX TOYEK T,y € X
CYIIECTBYIOT Hemepecekalomuecss okpecraoctu, U Sz, V o3y, UNV = @.

Teopema 1.4. Henpepuistoe 63aummo odnosnaunoe omobpascenue f: X — Y xomnaxm-
Ho20 npocmparcmea X na xaycdopdhoso npocmpancmeo Y AGAAECA 20MEOMOPPHUIMOM.

Jloka3aTebCTBO ONMPAETCS HA TPU JIEMMHBI.

Jlemma 1.5. Eeau X womnaxmmuo u A C X — 3amrrymoe nodmmoscecmeo, mo A mak-
oHCE KOMNAKMHO (6 UHOYUUPOBAHHOT MONO0AOUL,).

oxasamenavcmeo. Ilycts A = Uiel V; — orkpwiToe mokpeitue. meem V; = AN U;, rae
U; — orkpoiro 8 X. Torpa X = (X \ A) UU,; Ui — orxpbiroe noxpeirue. Beriemm
koHeunoe noanokpeitue X = (X \ A)UUU...UU,. Torna A =V, U...UV, — koHeuHoe
TOMOKPBITHE. O



Jlemma 1.6. Ecau f: X = Y — nenpepuisnoe criopsexmuenoe omobpascenue u X KoM-
naxmuo, mo Y makotce KoMnaxmHo.

Jokasameavemso. Iycrs Y = J,c; U; — orkpoiroe noxpoirue. Torna X = ;o f71(U)
TAKKE SBJISIETCS OTKDPBITBIM [OKPBITUEM. BBIIEJUM KOHEYHOE MHOANOKpbiTHE X =
Y UHU. U fYU,). Torga Y = Uy U ... U U, — KOHEYHOe HOJNOKpPhITHE. O

Jlemma 1.7. Ecau Y zaycdopgoso u B C Y — xomnaxmmuoe nodmmosrcecmseo, mo B
3AMEHYMO.

Zoxazameavemeo. llpeanonoxuMm, uto anud B HailnéTca mpejenabHasg TOUKa y € Y, Ta-
Kasi, uro y ¢ B. Jlnsg xaxmoit Toukun b € B BeiGepeM OTKpbITHIe (B Y') TOIMHOXKECTBA
Uy,>b, Vy,3y, Uy, NV, = @. I3 oTKpBITOro MOKpeITUA B = UbeB Uy BBLIEINM KOHEYHOE
nojnokpeitue B = Uy, U...UU,, . Torma V =V, N... NV}, — OKpeCcTHOCTb TOYKH Y, HE
nepecexarotiasicsi ¢ B. IIporuBopedne. ]

Joxazamenvemeo meopemu 1.4. Hano gokasaTh, 910 06paTHOe oTobpazkerne f1: Y —
X menpepbiBHo. IpyruMu cjioBaMu, HaJI0 T0KA3aTh, 9TO [ MEPEBOIUT OTKPBHITHIE MHOXKE-
CTBa B OTKPBITHIE (TaKWe 0TODPAYKEHUST HA3BIBAIOTCS omkpuimuimu). Tak Kak f B3anMHO
OTHO3HAYHO, 3TO SKBUBAJIEHTHO TOMY, UTO [ MEPEBOIUT 3AMKHYThIe MHOXKECTBA B 3AMKHY-
toie. [lycrs A C X 3amknyrto. Corstacuo jtemme 1.5, A kommakrao. Corytacuo jiemme 1.6,
f(A) C Y rakxke komuakTHo. Hakonen, cormacuo gemme 1.7, f(A) 3aMKHYTO. O]

Omuowernuem Ha MHOXKecTBe X HasbIBaeTcs moaMmHoxKectBo R C X x X mekapro-
Ba kBagpara X X X. Ecmu (z1,72) € R, TO TOBOpAT, 9TO JEMEHTBI T U To HALO-
damesa 6 omuouwenuy R. Ilpu 3ToM mcmonb3yercs obo3HAYEHHE Ty ~p To WJIH IIPOCTO
1 ~ To. OTHOIIEHHE R HA3BIBACTCA OMHOULEHUCM IKBUBAACHMHOCTIU, €CTH OHO pepaek-
cusho ((x,x) € R wim © ~ x mis goboro x € X), cummempuuno (r, ~ Ty BIEUYST
To ~ T1) U MPAH3UMUBHO (T ~ Tg U Ty ~ T3 BIEUeT Ty ~ x3). MHOKecTBO X € OT-
HOITIEHWEeM YKBUBAJEHTHOCTH IIPEJCTABISIETCS B BU/Ie HECBSI3HOTO OObEJINHEHUS KAGCCOB8
axsusasermuocmu. O603HauNM depe3 X/~ MHOKECTBO KJIaCCOB 9KBHBAJIEHTHOCTH.

Koucrpykius 1.8 (dakrop-ronosorusi). [Tycrs X — Tonosorugeckoe mpocTpascTBo ¢
OTHOIIIEHHEM SKBUBAJIEHTHOCTH. PaceMorpum oTobpazkenne MHOKeCTB p: X — X/~ KO-
TOpOe COMOCTAB/SET TOYKE €6 KJIACC SKBHBaJeHTHOCTH. Torna Ha MHOKecTBe X/~ onpe-
JesieHa gakmop-monoao2us, B KOTopoit MHOXKecTBO U C X/~ OTKPBITO TOIJIA W TOJBKO
Torla, Koryia ero 11poobpas p~(U) orkpsuiT B X . Orobpazkenue p: X — X/~ HempepbBHO
OTHOCUTEJBHO (haKTOP-TOMOJIOTUH U HA3BIBAETCS (hakmop-omobpasrcenuem.

Bor nBa Baxkmeiimux npumepa hakKTOp-IPOCTPAHCTBA.

Koucrpyknusa 1.9 (crarusanue noanpocrpancrsa). Ilyets A C X, a oTHOIIEHHE K-
BUBAJICHTHOCTH Ha X 3aJIaHO TaK: X1 ~ Ty TOTJAA M TOJBKO TOTJA, KOTJA JIMOO Ty = To,
ambo 1 € A u xy € A. @akrop-npocrpancro X/~ obosnauyaerca X/A; roBopsr, 4To
X/A nonygaercsa uz X cmaeusanuem A 6 mouxy. Eciu A = pt — rouka, o X/pt ro-
meomopduo X. Takzxke oraenpro paccmarpupator ciaydail A = &. Torna X/@ monarator
PaBHBIM HECBA3HOMY O0bejuHeHnio X W TOYKH; TaKoil (hopMan3M OKa3bIBAETCS BEChMa
MOJIE3HBIM.

Koucrpykiusa 1.10 (npocrpanctBo opbur aefictBus rpymmsi). [oBopar, uro rpymnna G
deticmseyem caeeq Ha npocTpanHcTBe X , eCau I8 KaxKJo0ro sjneMmenta g € G 3aJaH0
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HelpepbIBHOE oTobOpazxkenne «,: X — X, taxoe, 9ro o = id (TOXKI€CTBeHHOE OTOOpasKe-
HIE) U (g, = Oy O v, (KOMIO3HUIH). 3aMeTHM, UTO KarK7I0e OTOOPAKEHHe (v, ABJISTETCS
romeoMopdusmom (¢ 0bpaTHbIM (yy-1). Touka oy(x) 0bo3HATAETCS IPOCTO G

[Tpumepsr:

— O6mas auHeiiHas rpynna (o6patumbrx oneparoB) GL(V), a Takzke €8 moarpymnms
(manpumep, SL(V), SO(V)), neiicrBytor Ha JuHeiiHOM mpocTpancTBe V;

— Ipymmna HeBbIPOXKIeHHBIX Marpul, GL(n,R) neiicTByer cjieBa Ha HPOCTPAHCTBE
croJibnos R”;

— aIIUTUBHAS IPYIIIA JAHEHHOrO IpocTpacTBa V Takzke meiicTeyer Ha V'

— IPYIIIA ePEeCTAHOBOK (CHMMETPHYECKast I'PYIIIa) 2, AeHCTByeT Ha KOHEIHOM MHO-
xecrse [n] = {1,...,n}.

Op6umoti Touku x € X noxn geiicrBueM (G HA3BIBAETCH MOAMHOYKECTBO
Gr ={gr: g€ G} C X.

[Ipumepsr:

— opbuTamu geficTBuA rpynmsl moBoporos SO(2) ma maockoetn R? apagioTces KOH-
HEeHTPUUIECKUE OKPYKHOCTH ¢ IeHTpoM B 0 1 Touka 0
— JieficTBHE IPYIIBI X, HA [N] UMEeT eINHCTBEHHYIO OPOUTY — CAMO MHOYKECTBO [n].

OpOuTHI pa3HBIX TOUEK HE IEePEeCeKAITCs WM COBIAIAIOT M TeM CaMbIM 3aal0T OTHO-
HIeHre YKBUBAJCHTHOCTH HA X: T ~ ¥y ecju cymectsyer g € (G, Takoil, aro gr = Y.

CoorsercrByioiiee (HhakTOP-IPOCTPAHCTBO X/~ HA3BIBACTCS NPOCMPAHCIMEOM 0pOUM
no aeiicreuto G u oboznagaercs X/G.

ITpousBeneHuss 1 KONpPOU3BEeIEHNH, JEKAPTOBhI 1 KOAEKAPTOBhI KBAIPATHI.

Baszoti Tonosorun T wa X HazbiBaercst HaAOOP OTKPHITHIX HOgMHOKeCTB {U;: 1 € I},
TaKOM, 9T0 JI000e OTKPBITOE MHOZKECTBO B X TPEICTABJISETCS B BHIE 00beAnHeHus (KO-
HETHOrO WM OECKOHEIHOI0) moaMHOKecTB Uj.

ITpumep 1.11. Bazoit Tonosiorun Ha BemecTBeHHON mpsamoil R apisgerca nabop Bcex
nHTepBaaoB. IHTepBaJbl ¢ pAINMOHATBLHBIM KOHIAMH Tak:zkKe 00pa3yoT 0a3y TOIoJI0rnn
mHa R (31a 6aza cuérna, B ormume OT Oa3bl U3 BCEX HHTEPBAJIOB).

Koucrpykius 1.12 (rtonosnorus npoussenenust). IIpouseedenuem npocrpancts X u Y
HazbiBaeTCst MHOXKeCTBO X X Y (cocrosmee u3 nap (z,y), v € X, y € Y) ¢ TonoJoruei,
06a3y KoTopoit obpazyior nogmuoxkectsa Buga U X V, rne U orkpoito B X, a V' oTKpHITO
B Y. DTa TONOJOTHS HA3BIBACTCS 1MONOA02UET NPou3sedeHu.

IMpumep 1.13. Bewecmsennas naockocms R? — 310 gekaproBo mpomssegenne R x R
C TOIIOJIOTUe IMpoOn3BEJCHMA. OTKprTbIMI/I MHOXKECTBaMH 31€Ch ABJIAIOTCA O6”be,Z[I/IHeHI/IH
OTKPBITHIX MPIMOYTOJBHUKOB ([IPOU3BE/IEHIN HHTEPBAJIOB). B aHaIn3e TOMOJIOTHS HA R?
BBOJIUTCS TaK: OTKPBITHIME OObBABJISIOTCA MHOMXKECTBa, KOTOpbIe BMecTe ¢ Jiioboil cBoeit
TOYKOH Colep:KaT HEKOTOPBIM OTKPBITHIA Iap ¢ IEeHTpoM B 3Toil Touke. Takum obpa-
30M, B 3TOI TOIOJIOIHU OTKPBITBIE MHOXKECTBA — ITO OObEIMHEHHS OTKPBITHIX IIAPOB.
9Ta TOMOJOTUS COBIAJAET C TOIOJOTHEH NMpou3BeJeHHsI, TaK KaK KayKIblii OTKPBITHI
HPSIMOYTOJIbHUK $BJIIETCH 00beMHEHNEM OTKPBITHIX MIAPOB, M KayK bl OTKPBITHIN 1ap
ABJIAETCA O6”be,ZLI/IHeHI/IeM OTKPBITBIX IPAMOYTI'OJIBHUKOB.
Te ke paccyzKaeHus OTHOCATCS K TOMOJOIAU Ha mpocTpaHcTee R™.
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IMpumep 1.14. OxpyscHocmovlo HAZBIBAETCS TOMOJOTHIECKOE MTPOCTPAHCTBO, TOMEO-
MopdHOe CIeayIoneMy TTOIMHOKeCTBY B R?:

St ={(z,y) e R*: 2* +¢* =1}

(¢ maaynmpoBaHHON Tomosormeit). Ilo-aApyroMy OKpyKHOCTH MOYKHO OIPEIEeTUTh Kak
dakrop-npocrpancrso [0,1]/{0, 1} orpeska no ero rpanune. Henpepoisaoe orobpazkenue

f:[0,1] = R?  t+> (cos2nt,sin2nt),

wHyEpyer romeomopdusm [0, 1]/{0, 1} =5 1. JlokasaTeabeTBo 3Toro dhakTa — yIpazK-
HeHue (yKas3aHWe: BOCIOIb30BAThCs TeopeMoi 1.4).

B T0 ke Bpems, ecu pacCMOTPETh OTpaHHueHHe OTOOpasKeHud [ Ha MOIYUHTEPBAJI, TO
MBI [IOJIy9UM HelpepbiBHOE B3auMMHO ojHO3HauHoe orobpazkenue [0, 1) — St koropoe e
ABJISIETCST TOMEOMODMU3MOM (yIIpazKHEHHe).

IMpennoxkenue 1.15. Tonoaozusa npouseedenus asasemes camoti epybot us scex mono-
nozul na X XY, omuocumenvro komopux npoexuyuu px: X XY — X, (z,y) — x, u
py: X XY =Y, (x,y) = y, ABAA0OMCA HENPEPLIEHBLMU.

oxazamenavemeo. YTobbI oToOpazkenue px OBLIO HEIPEPBIBHBIM, HEOOXOIUMO 00bLIBUTH
OTKPBITBIMH BCe TIOIMHOXKECTBA, BUJIA p)_(l(U )=U XY, rne U C X — OTKPBITOE MHOZKe-
€TBO. AHAJIOrTYHO, YTOOBI OTOOpaKeHue Py OBLIO HENPEPBIBHBIM, HEOOXOIUMO OObSIBUTH
OTKPBITBIME Bee ToaMHOZKecTBa Buaa py (V) = X x V, rae V C Y — orxpwito. Torma
nepecedenne (U X Y) N (X x V) = U x V rtakike J0MKHO OBITH OTKPHITHIM, & 3HAUUT
JIOJIZKHBI OBITh OTKPBITHIMI 1 BCEBO3MOYKHBIE 00 beinHennst MHOKecTB Bujaa U X V. Takum
00bpa3oM, HeoOXoTuMO OObIBUTH OTKPBITBIME BCE MHOXKECTBA M3 TOIOJIOTUU IPOU3BE/Ie-
HUdA. DTO W O3HAYAET, YTO TOIIOJOTHs IPOU3BEICHUS — caMasl Ipybas U3 TOIOJIOTHil Ha
X XY, OTHOCHTEJIbHO KOTOPBIX 00€ NMPOEKINKA HEelPEePBIBHEI. O

IIpengioxkerue 1.16 (yHuBepcaabHOe CBOWCTBO TpousBenenus). [ycmo danv, omobpa-
ocenun [ 4 — X u g: Z — Y. Toeda cyuwecmeyem eduncmeentoe omobdPaAtcerue
h: Z — X XY, makxoe, wmo px oh = f u py o h = g. Imo swvipasrcaemcsa KoMMY-
mamueHoti duazpammoti:

XY ——X
pPx
Py
Y
Jlokasameavemso. @opmyna h(z) = (f(2),9(z)) omHo3HauHO OmpemessieT OTOOParKe-
uue h. [IpoBepka ero HeNpepbIBHOCTU OCTAETCH B KAYECTBE YIIPAYKHEHUA. 0

JlanHoe yHHBepcaJabHOE CBOMCTBO ompejesseT MOHATHE KaMme20pH020 Npou3cederis.
Tem caMBIM TOTOJIOTHST TPOU3BEJIEHUS 33a€T KaTeTOPHOe TPOU3Be/IeHNe B KATETOPUH TO-
TTOJIOTHIECKUX MPOCTPAHCTB.

AHaJIOrm9IHO oIpeIeseTcsa Ipon3BeIeHIHe KOHEUHOTO TICIa IIPOCTPAHCTB X1 X . .. X X,.
Bazoit Tomosiorun npousBejieHus sIBASIOTCS MHOXKecTBa Bujga Uy X ... X U,, tue U; C
X; orkpuiTo. OAHAKO, IPH ONPEAEJEHUH TOIMOJOINN IIPOU3BeAeHNsT OECKOHEUHOTO YHCIIa,
ITPOCTPAHCTB UMEETCS TOHKOCT.
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Koucrpykmusa 1.17 (ronosorusi 6eckonednoro npousseienus). [lycrs {X;: 1 € I} —
HabOp MPOCTPAHCTB, TPOUHICKCHPOBAHHBIX dj1eMeHTaMu MuHOxKecTBa [. [lo onpepesenwnio,
s/1eMeHTaMu dexapmosa npouseedenua | [,o; X; apnsaorca dynryuu euibopa i — x;, como-
CTaBJAIONINE KayKJIOMY 3eMeHTY ¢ € [ anemenT x; € X;. Ecau [ — c4€THOe MHOXKeCTBO
(MHOZKeCTBO HATYPaJIBHBIX YHCEJ), TO dJeMeHTaMHi OecKoHeunoro npousseinennd [ [, X;
SBJISIIOTCST OGECKOHETHBIE TOCIeIOBATENLHOCTH (X1, Lo, . .., Ty, .. ), T; € X;.

Mozxno 6b110 Ob1 oupejesnrs Tonosoruio na [[,., X;, 8348 B Kadecrse 6a3pl BCEBO3-
MOYKHbBIE [TPOU3BEIEHUST BUIA Hiel U;, tne U; C X; orkpbiTo. OZHAKO B TAKOH TOIMOJOTHH
OyJeT CAUNIKOM MHOTI'0 OTKPBITBIX MHOYKECTB, U II09TOMY OHa He OyjeT 00/1a/aTh YHUBEP-
CaJIbHBIM CBOMCTBOM OTHOCUTEJHLHO BCEX TPOEKITHIA Hiel X; — X,

HeitcrBuTesnbno, uTobbl npoexnud p;: |[,c; Xi — X; Oblia HempepbiBHOI, HyzKHO
0OLABATL OTKPHITBIME BCe MOAMHOYKECTBa Tipomsseenns suma p;  (U;) = [] jer Vi, e
Y; = X; upu j # i uY; = U; — oTKpbITOE MHOXKeCTBO B X; (Ha i-M MecTe B IPOH3-
BeJeHNH CTOUT U;, a Ha OCTAJBHBIX MecTaX — X,). Beps KoHedHbIe mepecedenust TAKIX
MHOKECTB, Mbl IOJIYYUM IOJIMHOXKECTBA BHJIA Hiel U;, tne U; C X,; OTKPBITO U AUULD
koneunoe wucao U; omauuno om X;. Habop Takux mMHOzKecTB obpasyer 6a3y TONOJIOIUH,
KOTOpast ABJIAETCs caMoii Tpy0oit N3 BCeX TOMOJIOTUIT HA Hie 7 X, OTHOCHTEJIhHO KOTOPHIX
Bce npoexknun p;: [[,.; X; — X; HempepbiBHbL. DTa TONOJIONUA I HA3BIBAETCS MONOA02UET
npoussedenus | [,.; X;. Ona obsajiaer yHuBepcaJbHbIM CBOICTBOM: I JI060r0 HA60pa
HEIPEePBIBHBIX oTOOpaxkKenuit Z — X;, ¢ € I, cylmecTByeT eJIMHCTBEHHOE HeIPEepbhIBHOE
orobpaxkenne Z — |[..; Xi, KOMIO3UIHsT KOTOPOTO ¢ MPOEKIUSIMHA JIAET UCXOJHBIE 0TOO-
paxkenuda Z — X;.

Ecian ke B Hie ; X; OOBABUTHL OTKPLITBIMU 6CE603MOMCHbIE TPOU3BEIeHIA Hie Ui, toe
U; C X; oTKpbITO, TO JJisi TaKOi TormoJsiorun orodpakenune / —» Hie[ X;, 3ajaBaemoe
HEIPEPBIBHBIME OTOOpazKeHusAMu £ — X;, MOXKeT yzKe He ObIThb HelpPepbIBHBIM: Ipoobpas
OTKPBITOro MHOKeCTBa | [, ; U; MOxKeT He GhITh OTKPHITHIM B Z.

el

O06ob1IeHIEM IPOU3BEIEHUS SIBISETC MOHATHE JeKAPTOBOIO KBaJIPaTa.

Koucrpykiusa 1.18 (1ekaproB KBajapar).

(1)

Y 2 A

KBagparHas guarpamMmva B HUZKHEH TpPaBOil YacTH PUCYHKA HA3BIBAGTCS 0JeKapmMOosbiM
Keadpamom, ecau OHa 00Ja/1aeT YHUBEPCAIbLHBIM CBOMCTBOM, OMUCHIBAEMBIM PUCYHKOM.
[IpoctparctBo X X 4 Y HaszbBaeTcs paccaoenvim npouseederuem (WM KoamMaib2amol,
B aHr1. TepmuHosorun pullback) upocrpanctes X u Y ¢ 3aJaHHBIME OTOODazKeHHSIMU
r: X —-Auns:Y — A

Takum obpasom, pacciaoeHHoe npousBenerHne X X 4 Y — 3T0 Takoe IPOCTPAHCTBO C
3aJTAHHBIMU OTOOPaxKeHusIMU pPx: X XY — X mwpy: X X, Y, uro r o pxy = s o py
u Jjisi JI000T0 mpocTpaHcTBa Z ¢ orobpawkenusvu f: Z — X wm g: Z — Y, rakumu,
910 7 0 f = 50 g, CymecTByeT eIuHCTBEHHOE oToOpazkenme h: Z — X X 4 Y, Takoe, 9410

pxoh=fupyoh=yg.



CymiecTBoBaHme JeKapTOBOTO KBaJjpaTa (PacCJOEHHOTO MPOU3BEIEHMsI) TOKA3bIBACTCSI
peIbIBJACHUEM SBHON KOHCTPYKITUU NPOCTPaHCTBA X X 4 Y, UCHOJIB3YIONIEH WHIYIHPO-
BAHHYIO TOIOJIOTHIO ¥ TOIIOJIOTHIO IIPOU3BEICHUA:

X xaY ={(z,y) e X xY:r(z)=s(y)}.
[TpoBepKa yHUBEPCAJIBHOIO CBOHCTBA OCTABTCSI B KAUECTBE YIPAXKHEHUSI.

Obpaitnenne CTpeJIOK MPUBOJAUT K JBOHCTBEHHON KOHCTPYKIMH KOIIPOU3BEIEHUS U KO-
dexapmosa keadpama.

Koucrpyknus 1.19 (kKoekapToB KBaJpaT U KOIPOU3BE/IEHIE).

(2) A—" s X

[IpoctpanctBo X Uy Y HasbiBaercs ckaelikoll (Wi amanb2amoli, B aHII. TEPMAHOJOTHHA
pushout) npoctpancts X u Y ¢ 3ajanubiMu orobpaykerusvu r: A — X u s: A > Y.
dABHast KoHcTpyKIHA npoctpancTBa X Uy Y ucnoab3yer (pakToOp-TOIOJIOTHIO:

XU Y=XUY/~, rtmeax~y, eciux =7(a) uy = s(a) yis zekoroporo a € A.

B gactHoCTH, Ipu A = @ moIydaeM, UTO kKonpoussedenuem IpocTpancTB X u Y sBigercs
X HecBsI3HOe ob0benuHenne X LY.

Tomosorus Ha nmpocTpaHcTBe oTobOpazkeuuii. IIpedbasoti Tononorun 7 Ha X Ha3bI-
BaeTcs HabOp OTKPBITHIX HoaMHOXKecTB U;: ¢ € I, mopoxpaomux T (T.e. T sBiasiercs
camoit rpy6oii Tomosorueii, B KoTopoii Bce U; OTKpBITH). Bosee siBHO, Tpenfaza — 310
Ha60p OTKPbLITBIX MHOXKECTB, COBOKYIIHOCTH BCEBO3MOZKHbBIX KOHEYHBIX HepecequHﬁ KO-
TOpBIX 0Opasyer Oasy.

Konacrpykmusa 1.20. I[Iycrs X, Y — aBa dpukcupoBanubix npocrpancrsa. Paccmorpum
MHOZKECTBO BCEX HeNpephIBHBIX oToOpazkeHuil f: X — Y. D9T0 MHOXKECTBO 0003HAYAETCSI
C(X,Y) umm Y. Ha HéM MOKHO BBECTH TOMOJIOTHIO CJIeLyIONUM oOpasoM. [l Kawk-
JIOTO KOMIMIAKTHOTO MOAMHOZKecTBa K C X M OTKPBITOrO OTKPBITOro MHOXKecTBa U C Y
PACCMOTPUM TTOJIMHOYKECTBO OTOOParKeHWH

W(K,U)={feY*: f(K)CU}.

Tonostorus na Y, mopoxiénnasg HabopoM BceBo3MO:KHBIX nojmuoxkects W (K, U) (t.e.
Juisi Koropoit moamuozkectBa W (K, U) o6pasyor npeabasy), HA3BIBACTCA KOMNAKMHO-
omxpumoti monoaozuet. Jamee OyzeM NpeamojaraTh, 9To Ha Y X Bcerna BBeaeHa
KOMIIAKTHO-OTKPBITAsT TOMOJIOTHS.

IIpengoxkenune 1.21. Ecau X — xoueunoe muoorcecmeo (¢ duckpemnoti monoao2uet),
mo monoaozus na YX cosnadaem ¢ monosozueti npouseedenus [Lex Y-

Hoxazameavemeo. Jloboe nogamuoxkecrso K C X gapjisercd KoMmakTHbiM. Kaxkjioe
muoxectBo W (K, U) apisercs koneunbim nepecedenueM (|,o, W(z,U), a muoxecrsa
W (z,U) HOpoxK1aioT TONOJIOrHIO KOHeYHOro mpousseienns [[ o Y. O
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Ecan X — kommakTHOe TpocTpalcTBo, a (Y, p) — MeTpudueckoe IpoCTPAHCTBO, TO TIPO-
crpanctBo C(X,Y) merpusyemo ¢ MeTPUKOM

p(f;9) = max{p(f(x), 9(x))}.

MoxkHo nokazarh (3amaua), 9410 9Ta Merpuka naaynupyer Ha C(X,Y') KOMOAKTHO OTKDHI-
TYH0 TOIOJIOTHUIO.

3amaun U ynpakHeHUud.

1.22. Jlokazkute, 9T0 moamMHokecTBO A C X 3aMKHYTO TOTIA B TOJHKO TOIA, KOIJAa OHO
COIEPKUT BCE CBOU IpeJlebHbIe TOUKH.

1.23. Jlokaxkure, 94TO B Xayc10pOBOM MPOCTPAHCTBE TOYKHU ABAAIOTCS 3aMKHYTHIMU MHO-
ZKECTBaMH.

1.24. Tlokaxkure, 4T0 0062 yCJ0BUA HA HPOCTPAHCTBA B Teopeme 1.4 daBjdiorcs HeoOXo 1u-
MbIMH. A UMEHHO, PUBEIUTE MPUMEDP HEMPEPBIBHOIO B3ANMHO OHO3HATHOI'O OTOOparKe-
aug f: X — Y, Koropoe He gaBseTcss roMeoMOP(MHU3MOM, MPH KazKIOM U3 CJAELYIOIHX
JIOTIOJTHUTETbHBIX OTPDAaHNIeHN i:

a) X KOMIIAKTHO;
6) Y xaycmopdoso.

1.25. Oroopazkernmne f: X — Y HazbiBaeTcsa cobcmeenHbiM, CIu TPooOpa3hl KOMIAKT-
HBIX IOIMHOXKECTB KOMIAKTHBI. Jlokaxkure, uro oTobpazkenue f: X — Y KOMIaKTHOTO
npoctpancTBa X B XaycaopdoBo MpocTpaHcTBO Y coOCTBEHHO.

1.26. Ilycts i: A — X — oTKpBITOE WHBEKTHBHOE OoToOpazkenue. Jlokaxmure, uro A ro-
meomopdHuo npoctpancTBy i(A) ¢ Tomosorueii, waaynuposannoit 3 X. (Foopsar, |aro
OTKPBITOe HHBEKTUBHOE O0TOOparKeHHe ABJIAETCs BJOkKeHHeM.) /oKazKkuTe TO ¥Ke JJis 3a-
MKHYTOI0 HHBEKTHBHOIO oToOpakenus. (HempepbiBHOE oTOOparkeHHe HA3BIBAETCA 34~
MEHYMBbLM, eCTH 00pa3 3aMKHYTOIO MHOYKECTBA 3aMKHYT. )

1.27. Ilycts p: X — B — oTKpbITOE CIOPbEKTUBHOE OTOOpazkenue. /lokaxkure, 4to B ro-
MeoMopdHO hakTOp-mpocTpancTBy X/~ 110 OTHOIIEHUIO SKBUBAIEHTHOCTH, MTPH KOTOPOM
X1 ~ Ty TOLJA ¥ TOJBKO TOrAa, Koraa p(x1) = p(zz). (ToBOpPAT, 9TO OTKPHITOE CIOPBEKTHB-
HOe 0TOOpazkeHue siBJisiercsi hakTop-oTobpazkenuem). JJoKaKuTe TO ¥Ke JJIs 3aMKHYTOIO
CIOPBEKTUBHOIO OTOOparKEeHHUS.

1.28. [lokakure, 910 MHAyIUpOoBaHHas Tomojorust Ha A C X gamiserca camoit rpy06oii
U3 BCeX TOMOJIOrHil, /it KOTOphIX orobpaxkenue A — X HenpepbiBHO.

1.29. [Jokaxure, uro dhakTop-Tonojiorus Ha X/~ sgBjsiercsd camoil TOHKON u3 BCeX TO-
HOJIOTHIA, JJisi KOTOPHIX oToOpazkenne X — X/~ HempepbiBHO.

1.30. [oxaxkure, aro ecim A C X u X/A xaycmopdoso, To A 3amkuyTo. Onnako X/A
MOZKeT OBITH He XaycaopdoBBIM gaxke ecan X xaycaopdoBo, a A C X — 3aMKHYTO.

1.31. Onumure npocrpancrso opbut R?/SO(2) neficrBud rpylnbl HOBOPOTOB Ha ILIOC-
KOCTH.

1.32. Jloxaxmute, uto dakropnpocrpanctso [0,1]/{0,1} orpeska mo ero rpanuie romeo-
MOPGHO OKPYKHOCTH.
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1.33. Bapepiure J0Ka3aTeabCTBO Npe/iozkernst 1.16 (mpoBepbTe HEMpepBIBHOCTDH IO~
CTPOEHHOTO TaM OTOOPAYKEHHSI).

1.34. [loxkazknuTe, 9TO IPOM3BEICHNE KOHEUYHOI'O UHCJIA KOMIAKTHBIX IPOCTPAHCTB KOM-
nakTHO. COOTBETCTBYIOIIee YTBEPAKICHHE B CJIydae OECKOHEUHOTO INC/Ia IIPOCTPAHCTB U3-
BeCTHO Kak meopema Tuxonoea u sIBJsieTcsl OJAHEM U3 CAMbIX 3HAYUMBIX PE3YJIBTATOB
obmieit Tonosorun. Teopema TuxoHOBa SKBHBAJIEHTHA AKCHOME BHIOOPA (IIOJE3HO CAMO-
CTOATENBHO BBIBECTH AKCHOMY BLIOOpa M3 TeopeMbl Tuxomosa minm pa3obparb JoKaza-
TEJILCTBO).

1.35. Jlokazkure, 9T0 KAHTOPOBO MHOZKECTBO (T. €. MHOKECTBO unces u3 orpeska [0, 1], ko-
TOpBIE HE COJEPKAT | B TPOUIHOI 3aliCH) rOMeOMOP(hHO TPOU3BEJICHHUIO CYETHOIO YUCIA
JckperHoro npocrpancrsa {0, 1}.

1.36. /lokaxkuTe, 9TO MHOYKECTBO HPPAIMOHATBHBIX BEIECTBEHHBIX YHCJIE TOMEOMOPQHO
[IPOU3BEJICHUIO CYETHOI'O YHUCJIa MHOXKECTBA HATYPAJIbHBIX YHUCE.

1.37. [Iycth If@oo — MHOYKeCTBO OECKOHCYHBIX MOCIeI0BATEILHOCTEH BEIIeCTBEHHBIX YHCEJ
(eKapTOBO MPOU3BEIeHNe CYETHOIO YUCJIA BEIIECTBEHHBIX MPSIMbIX) ¢ TOMOJIOTHEl, B KO-
TOpOit 6230l OTKPBITHIX MHOYKECTB SBJISAIOTCSA BCEBO3MOXKHBIE O€CKOHEUHbBIE IIPOU3BEIEHHS
nHTEPBaJIOB. J[oKaykKuTe, 9TO B 3TOW TONOJOIMU JAuaroHajbHoe oroopaxenne R — R
x — (z,,...), He ABJSETCS HEMPEPHIBHBIM. JTO O3HAYAET, B YACTHOCTH, YTO TOMOJOIHSI
R> oTIITaeTCs OT TOMOMOTHE npou3BeaeHus R,

1.38. Paccmorpum nmoamMHOXKecTBO X = UZO:1(%7 an_l) BEIECTBEHHO TPSAMOii ¢ WHJLY-

nupoBaHHoit Tonosorueit. 'omeomopdno i mpocTpancTBo X HECBAZHOMY 00HEINHEHUTO
OECKOHEYHOT'O YHCJIa UHTEePBAIOB?

1.39. IIpoBepbTe yHUBEpCATbHBIE CBOWCTBA PACCTOCHHOTO TPOoU3BeieHus X X 4Y U CKJIei-
ku X Uy Y.

1.40. Yro gBisercss MpoOU3BeIEHNEM, KOTTPOU3BEIECHUEM U KOJEKAPTOBBIM KBaJIPaTOM B
KaTeropHusxX Pyl U abeeBbIX T'PYII?

1.41. Bepuo ju npegaoxenue 1.21 nas Ipou3BOJILHOIO MPOCTpaHCTBa X 7

1.42. JTokaxkure, uro X — KOMIAKTHOE MPOCTPAHCTBO, a (Y, p) — MeTpuyeckoe mpo-
CTPAHCTBO, TO (POpMYyJIa
p(f,9) = max{p(f(z), 9(x))}

3a/1a6T METPHUKY Ha MHOYKeCTBe HempepbiBHbIX oToOpazkenuii C(X,Y'), u 91a MeTpuka WH-
JAYIUPYET KOMIAKTHO OTKPBITYIO TOTOJOTHIO.

1.43. [lokaxKuTe, YTO UMEET MECTO TOMEOMOPQUIM
C(X,)Y x Z)=2C(X,Y)xC(X,Z) wum (Y xZ)*=2Y*xz*

1.44. llpocTpancTBo Y HA3BIBACTCHA AOKAADHO KOMNAGKMHbIM, €CIIH I KayKIOH TOUKU
y € Y HalléTcsa OKpeCTHOCTH, 3aMBIKaHHe KOTOPOH KOMHIAaKTHO. lokaxkuTte, aTo ecam Y
XaycaopdoBO U JOKATBHO KOMIIAKTHO, TO OTOOparKeHne KOMIO3UITUT

p: C(X)Y)xC(Y,2) = C(X, Z), (fig)—gof
HelpepbIBHO. B yacTHOCTH, 0mobpastcerue sviuucreri

e YXCY,2)= Z, (g, f)— fy)
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HEIIPEPBIBHO.

1.45 (sKcnoHeHIUATBHBIH 3aK0H). ONpeneseno KAHOHHIECKOe 0TODpazKeHne
P:C(X xY,Z)—=C(X,C(Y,2)) mm  &: 2 = (ZV)X,

upu Koropom orobpazkenne f: X XY — Z nepexoaur B orobpaxkenne ¢(f): X — C(Y, Z),
nepeBojgriee © € X B orobpaxkenne y — f(z,y). Tokaxure, uro ecin X xaycaopdoso,
To oToOpaxkenue @ nenpepoisao. Eciu, nonoanurenbno, Y xaycopdoBo 1 JIOKaJIHHO KOM-
HaKTHO, TO ¢ — romeomopdusm. (Ecsiu 9ra 3a/1aua MOKazKeTCsl CI0KHOM, JI0KA3ATeTbCTBO
MozkHo Hajitn B [BUUHX, 25.Vx].)

2. OIIEPALIMN HAJ TOIIOJIOTUYECKUMU IIPOCTPAHCTBAMU

Komnyc, nagcrpoiika n mxkoiita. Cunvos [ 0603HaYaeT ¥ HAC e MHUIHBIH oTpe3ok [0, 1].

Hunrundpom nan X maswiBaercsa npouspegenne X X I; mognpocrpancTBa X X 1w X x 0
HA3BIBAIOTCS (GEPTHUM U HUNCHUM) OCHOBGHUAMY THIHHIPA.

Konyc CX nag X — 510 (HhakTOPIPOCTPAHCTBO IUJIUHIAPA O €r0 BEPXHEMY OCHOBa-
mmio: CX = (X x I)/(X x 1). O6pa3 ocnosamust X X 1 nazsBaercs eepuiunoli KOHyca, a
obpa3 ocuoBanunsg X X 0 — ocnosaruem KOHYCA.

Hadcmpodixot X X nan X naspiBaeTcd haKTOPIPOCTPAHCTBO KOHYCA 110 €TI0 OCHOBAHUIO:
YX =CX/(X x0). (O6parure BHEMaHKE, YTO TO — HE TO Ke caMoe, 4TO (haKTOPIIPO-
crpanctBo (X X I)/(X x 1U X x 0).) Ilpocrpanctso X BKIaJIbIBACTC B HAJCTPOHKY
2 X B kavecTBe X X % [To-npyroMy HaJICTPORKY MOXKHO ONpEJIeTUTh KaK CKJIEHKY IBYX
KOoHyCcOB 10 ux ocHoBanuaMm: XX = CX Uy CX; TakuMm 0Opa3oM MBI HMeeM KOJIEKapTOB
KBa/[paT

X . 0X
CX —= XX,

re Kazkaoe 3 0TOOparkeHuii ¢ siBIseTcs BIoXKeHueM X Ha OCHOBaHHE IUJIMHIIPA.
OnpeneuM n-meproil wap Kaxk cleaylolnee IoIMHOKecTBO B R”

D"={z=(21,...,2,) ER": 2] +... + 2}, <1}
¢ WHIYIIMPOBAHHOM TOMOI0THE. AHAJIOIHYHO, ONMPEIEINM N-MEPHYIO chepy
1. .2 2 2
St ={z=(x1,...,00,2np1) ER"™ 2l + .. .+ +a,, =1}
BameTuwm, uro npu n = () moaydaem, aro S° — nBe TOUKM.
IIpenyoxxenue 2.1. Hmerom mecmo 2omeomopdusmo, CS™ = DL gy 3767 o2 gntl

oxazameavcmeo. PaccMoTpuM HelpepbiBHOE 0TOOparKeHue
S X T — DnJrl’ (xla s 7‘rn+17t) = ((1 - t)‘rh R (1 o t)xn+1)'

Omno nepesoguT BepxHee ocHobanme S™ X 1 B Touky 0 € D™! u nosromy unpynupyer
HENTPEPBIBHOE B3AMMHO OJHO3HAUHOE oTobpaxkenne C'S™ = (S x I)/(S™ x 1) — D™+l
Tak kak C'S™ — KOMIAKTHOE MPOCTPAHCTBO (KaK (DAKTOPIPOCTPAHCTBO MPOU3BEICHUS
KOMIAKTHBIX 1IpocTpancTs), a D" — xaycaopdoso (kak noaMuoxecTBo xaycaopdosa
npocrpanctsa R, nannoe orobpazkenue C'S™ — D™ apngercss romeomopdusmos B
cmry Teopembr 1.4.
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Jlng mokasaresbcTBa BTOPOro roMeoMopdu3mMa paccMOTpuM 0TODparKeHne

T1 2 Tn of

Lsingr, ..., 22 ¢in7r,cosnr), ecam r # 0
D" — S (w1,...,1,) — (% T ’ ) ’
(0,...,0,1), ecau r = 0.

rae 7 = /22 + ...+ 22. 910 0TOOpaKeHue B3AMMHO OJHO3HAYHO HA BHYTPEHHOCTH IHADPA
1 1mepeBoguT ero rpanmimy S™' (rme r = 1) B «woxubii momoc» (0,...,0,—1) € S™.
[TosTomy ono uuaymupyer romeomopdusm D™/S™t —s S™ B cuity Teopembr 1.4.

Tenepb TpedyeMblit roMeoMOpdU3M HOTYIAETCd KaK KOMIIO3UIIS roMeoMopdhu3MoB

XS =C8"/(S" x 0) — D™1/gm =5 gntt
MOCTPOCHHBIX BHITIIE. O

Jotcotin (wnm coedunenue) X Y npocrpancts X u Y yao6HO npencTaBisTh cebe Kak
00be/INHEHNE OTPE3KOB, COeJUHHIONINX KazK/Iyl0 TOUKY IpocTpaHcTBa X ¢ KayKJ0il TOUKOi
npocrpancTia Y. QopMaIbHO JZKORH oImpeensdercs Kak pbaKTOPIPOCTPAHCTBO

X*Y =XxY x I/ (33;311;0) ~ <x7y270>7 (xlayal) ~ (1327?%1)

npu JIIOOLIX T, X1, To € X u y,y1,y2 € Y. lIpouszsenenne, X X Y BkjaJbIBaeTCS B JZKOWH
B KadecTBe X X Y X %

3 cpaBHeHns ompejeseHUit HaJACTPOHKH U jJzKoHa moaydaen, ato S° + X = Y'X. B
qactrocTn, SO S* =2 Sk Tveer mecto Gomee obmmmit dpaxt: SF x St =2 SEHFL (3a1ama).

IIpocTrpaHcTBa ¢ OTMEYEHHO# TO4YKOii. B Teopnm roMoronuii 4acTo MMEIOT I€JIO C
NPOCMPAHCMEAMYU ¢ OMMEYEHHOT MOUKOT, T.e. CIUTALTCA, YTO BO BCEX pacCMaTpUBae-
MBIX IIPOCTPAHCTBAX BBIJEIEHBI OTMEUEHHBIE TOYKH U BCe 0TOOpPaXKeHHs IIEPEBOIAT OTMe-
YeHHBIe TOYKA B OTMeYeHHbIe. [Ipu 9ToM onepaiiuu, OnMCaHHbIE BBIIIE, BUIOM3MEHSIOTCS
CJIeJIYIOIUM 00Pa3oM.

IIpoussedenuem tpocrpancTs ¢ ormedenbiMu Toukamu (X, xg) u (Y, yo) HazbiBaeTcs
upocTpancTBo X X Y ¢ oTMedeHHOR TOUKOI (T, Yo). B konyce u nadempotine uwan (X, xg)
JIONOJTHATEILHO CTATHBACTCS MOIIPOCTPAHCTBO T X I, T.e.

C(X,x0) =X xI/(X x1Uxgx 1), X(X,29)=CX/(X x0UxyxI).

[Ipu 3TOM CTSIHYTOE MOAIIPOCTPAHCTBO OOBSBISETCS OTMEUEHHONW TOUKOi. B dowcoiine
(X, z0) * (Y, yo) AOMOJHATENHHO CTITUBACTCSA MOANPOCTPAHCTBO To X Yo X 1.

Ecin n3 KOHTEKCTa SCHO, 9TO MBI HMEEM JIEI0 ¢ TPOCTPAHCTBAMEU C OTMEIEHHBIMA TOY-
KaMHi, TO MBIl 9acTO OyjeM HCIoIb30BaTh oboznadenue X Bmecto (X, xo) (Takxke XX
BMmecto X (X, xo) u T.11.).

Hmerores ciemyroniie aBe JOMOJHUTEIbHBIE OMEPAIMH HAJ, MPOCTPAHCTBAMHU C OTMe-
YEHHBIMH TOYKAMHU.

Bykxemom 1poCcTPAHCTB ¢ OTMEYEHHbIMHM TOYKaMu X M Y Ha3bIBA€TCA HPOCTPAHCTBO
X VY, nonygaemoe ckjeiikoit X un Y 10 orMedeHHbIM TOYKAM T B o:

Byker X VY ectecTBeHHBIM 00pa30M BKIAIbIBaeTCs B mpou3Begenne X X Y B KauecTBe
nojmpocrpancTsa X X yo U xp X Y; Upu 3TOM OTMEYeHHas TOYKA OyKeTa HEPeXOoJuT B
(x0,Y0). Byker sBisierca KonpomspeseHHeM B KATEIOPHUH HPOCTPAHCTB ¢ OTMEYEHHBIMH
TOYKaMH (yHIpaskKHeHHUe).
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IIpusedérmnvim npoussedenuem (MU CMIW-NPOU3EEJeHUEM) TIPOCTPAHCTB ¢ OTMEYEH-
HbIMU TOYKamMu X u Y Has3biBaercss npocrpanctBo X A 'Y, noaydaemoe dakTopusaiueit
npoussejiennd X X Y 1o Bioxkennomy Oykery X VY

XANY =(XxY)/(XVY)=(XxY)/(X xyyUzg xY).

IIpocTpancTBa myTeit nu meresb. [lymém B npocrpancTBe X Ha3bIBAeTCA OTOOPaZKe-
e @: I — X; touka ¢(0) HaspiBaercsa nawaaom, a o(1) — xonyom nytu . Hemaéi
HA3bIBACTCA MYTh, HAUNHAIONIUNACS U 3aKAHYUBAIOIINNACA B OJHOU TOYKE.

[Ipoctpanctso X, Jjitobble JIBE TOYKU KOTOPOI'O MOXKHO COEJIMHUTDL IIyTEM, HA3bIBAET-
cd AUHETHO c8A3HM. JIMHEHHO CBA3HOE MPOCTPAHCTBO CBA3HO, HO 0OpaTHOE BEPHO HE
Bcerjia. [IpumepoM CBSA3HOTO, HO He JIMHEITHO CBA3HOTO MPOCTPAHCTBA ABJIAETCH 00ben-
HeHWe BePTHKAIBHOIO OTpe3ka [—1, 1] Ha ocn OpIMHAT U MOJIOKATEIBHO JacTu rpaduka
dyuKIUN Y = sin% ¢ TOTOJIOTHEH, MHIyIIpoBanHoi n3 R2.

[Iycts X — mpocTpaHCTBO ¢ OTMeYeHHOM TOUKO#. [Ipocmparcmeom nymeti Ha X Ha3bI-
Baetcs noanpocrpanctso PX C C(I, X), cocTosimee u3 myTeli, HATHHAIOIIAXCS B OTMEYeH-
HO#t TOUKe . [Ipocmparncmeom nemeav Ha X HazbiBaeTcs mnoamnpocrpancTso 2X C PX,
COCTOSIIEE U3 TeTe/Ib, HAUNHAIONINXCA U 3aKAHIUBAIOIINXCSI B OTMEYeHHO# Touke xg. OT-
MeudeHHON TOuKOoil npocrpancrBa 2X sBjsercs nocrosHHas ueris, o(xr) = xg.

Teopema 2.2. Ecau X zaycdopdoeo, mo umeem mecmo ecmecmeennviti no X u 'Y 2o-
MEOMOPPUIM

C(EX,Y) = C(X,QY),

nepesodauwuti omobpasicenue f: X X I — XX =Y 6 omobpaocenue X — Y, x — ¢,
2de o, —nemaa I =Y, t— f(x,t).

Jlokasamenvemso. CormacHo SKCIOHEHIMATHLHOMY 3akoHy (3amava 1.45), mMeeM romeo-
Mophu3M

o

C(X x 1Y) =5 C(X,C(I,Y)).

[Tpu stom nomupocrpancreo C(XX,Y) C C(X x I,Y), cocrosiee u3 oTodpazkeHuit
f: XxI =Y, makoropwix f(z,0) = f(x,1) = f(x,t) = yo, HEPEXOAUT B MOAMPOCTPAH-
crBo C(X, 2Y) C C(X,C(I,Y)) orobpazkeHuit, mepeBosamux X B METIAN ¢ HAYAIOM Yo 1
[ePEBOJIAINUX Lo B IIOCTOSHHYIO METJIO.

Ecrecrsennocts no X u Y osmagaer, 4ro jiag orobpaxkenuit X' — X n Y — Y/
CYIIECTBYET KOMMYTATHBHAd IHATDAMMA,

C(XX,Y) ——=C(X, V)

l |

C(EX'Y') —=C(X', QY")
JleTayim ocTaioTcs B Ka4ecTBe YIPaZKHEHUSI. Il

3amaun U ynpakHeHus.

2.3. Jokaxure, uto S* x St = Sk+HHl g Gk A Sl o2 Gk
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2.4. Jlokaxure, 94T0 OYKET ABJSIETCS KOMPOU3BEICHUEM B KATErOPUU MPOCTPAHCTB C OT-
MEYEHHBIMIA TOYKAMHU, T. €. JJIS HeTO UMeeT MECTO YHUBEPCAIbHOE CBOMCTBO

TJe BCe CTPEJIKN ABJIAIOTCA OTO6pa}KeHI/IHMI/I MMPpOCTPAaHCTB C OTMEYEHHBIMU TOYKaAMMH.

2.5. Jlokaxkute, 94TO JIMHEITHO CBA3HOE MPOCTPAHCTBO CBA3HO. lIpuBeauTe npumep cBsas-
HOT'O, HO He JINHEIHO CBSI3HOTO TPOCTPAHCTBA.

3. 'oMOTOIINU U TOMOTOIIMYECKUE SKBUBAJIEHTHOCTU

HBa orobpaxenus f,g: X — Y mexy npocrpancrBamu X u Y Ha3bIBAIOTCH 20MO-
monuvmu (0bozHadaercs f =~ g), ecin cymecrByer orobpaxkenne F': X x [ — Y Takoe,
aro F(z,0) = f(z) u F(x,1) = g(x) ana moboro z € X. Orobparkenne F' Ha3biBaeTcs
2omomonuet; mexay f u g. Jlna kaxmgoro t € I 6ymem obo3nauarh depe3 F; oroOparkene
X =Y, o F(x,t).

[omoTonus gBjIseTCss OTHOIMIEHUEM SKBUBAJICHTHOCTH MeZK1y oToOpakenusmu. Mbl Oy-
neM 0003HadaTh depes3 [ X, Y] MHOKeCTBO KJIacCOB TOMOTOIMHBIX oToOpakenuit u3 X B Y.

Mpr Takxke OyJeM UCIOIB30BATbL TEPMUH 20Momonus omobpascenus f: X — Y s
orobpaxkenus F': X x I — Y, ynosrersopsiiorero F(z,0) = f(x). B sTom cayuae st
Kaxk10r0 t € [ Mmbl Oyjem ucnoJib30BaTh obo3HadeHue f; g orobpaxkenuss X — Y,
x +— F(x,t). Tlpu srom fy = f. Takum o6pazom, romoronusi 0ToOpazkeHusi f — 3T0 ero
nedopmanusg ¢ napamerpom t € [0, 1].

Jameuanue. Ecim npocrpancreo X xaycaopdoBo u JTOKAIBHO KOMIIAKTHO, TO UMEEM I'0-
MeoMOphu3M

C(IxX,Y)—C(,C(X,Y)).
Takum 06pa3oM, B 3TOM CJIydae rOMOTOIHUIO MOXKHO PAacCMaTPUBATD KaK IIyTh B POCTPaH-

crBe orobpazkenuii C(X,Y'), a MHOXKECTBO KJIaCcCOB TOMOTONHBIX oTobpazxkenuii [ X, Y| saB-
JISIETCS. MHOPKECTBOM KJIACCOB JIMHeHOM cBsi3HocTH npoctpanctsa C(X,Y).

JIBa mpoctrpanctBa X u Y 20MOMonuvecky 3K6UBGAEHMMYL, €CJIH CYIIECTBYIOT OTOO-
paxennsa f: X — Y u g: Y — X, takue, aro xomnoszunun g o f m f o g TOMOTONHBI
TOK/IeCTBeHHBIM oToOpaxkKeHusM idy: X — X midy: Y — Y, coorBercrBenno. ['omoro-
nuvyecKas SKBABAJEHTHOCTD SBJISIETCS OTHOINIEHNEM SKBABAJIEHTHOCTH HA MPOCTPAHCTBAX,
U 20MOMONUMECKUM MUNOM TIPOCTPaHCTBA X HA3BIBaeTCS KJIACC TPOCTPAHCTB, TOMOTO-
MUYIeCKN IKBUBAJTEHTHBIX X .

[IpocTpanctBo X cmazusaemo, €CaIU OHO TOMOTOTTMYECKH SKBUBAJIEHTHO TOYKE.

ITpumep 3.1. Epunnunsiii map D" = {x € R": |z| < 1} crarusaem. [leilcTBUTENBHO,
nycts f: D" — pt — oTobOpaxKkeHue B TOUKY, a g: pt — D™ — oTobpazKkeHue, mepeBoIsiinee
touky B 0 € D". Torna fog: pt — pt — ToxmecTBeHHOE 0OTOOpakenue, a go f: D™ — D"
nepeBoInT Kaxkayio T0uky € € D" B 0. [omoromus mexay go f uid: D™ — D™ 3agaércs
orobpaxkenunem F': D" x [ — D", (z,t) — to.
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3amaun U ynpakHeHUs.

3.2. Jlokaxute, 910 mpocTpancTBo R” crsrusaemo, a R™\ 0 roMOTONMYECKH SKBUBAJICHT-
Ho cepe S™ L.

3.3. Jlokaxxure, uTo HaACTPOiiKa HaJ1 TopoMm ST x S! romoTonmueckn skpuBajeHTHA Oy-
Kery cep U ONUIINATEe STOT OyKeT.

3.4. Ilyctp X — momosiHenne X 3 KoopAmHaTHEIM ocaM B R3. Jlokaxkute, uro X roMoTO-
MUYIeCKU KBUBAJIEHTHO OYKeTy OKPYZKHOCTEHl M HaiiuTe THCIO OKPYKHOCTEH B HyKeTe.

3.5. Ilycrs X — monosnenue x 3 xoopaunarueim ocam B C3. JToxaxutre, uyro X romoro-
IUYeCKN 9KBUBAJCHTHO Oykery cdep S2V S3 Vv S3 v §tv S§4

4. KJIETOYHBIE [TPOCTPAHCTBA

Omnpepesiernne u mpuMepbl. Kaemourvim npocmparcmeom (KAEMOuHvM KOMNAEKCOM,
CW-xomnaekcom) Ha3biBaeTCsi XaycJAopdoBO TOMOJOIHYECKOEe IPOCTPAHCTBO X, HPeJ-
CTaBJIEHHOE B BUJIe 00'bEIMHEHNU ST U;io U,ez €f momapmno memepecekaomuxcst Mo MHOKECTB
el, Ha3bIBAEMbBIX KAEMKAMU, TAKUM O0PA30M, 4YTO JIs KazKJIOH KJIETKH €] CyIIecTBYyer
orobpazkerue @;: D! — X, Ha3BIBAEMOE TAPAGKMEPUCTIUMECKUM OMOOPAHCEHUEM KJIET-
KI €], orpaHnveHne KOTOPOro Ha BHYTPEHHOCTH Inapa int D? ecth romeomopdusm Ha €.

FHHISTOMIHpeﬂHOHaFaKﬂfﬂ]HﬂHOHHeHHbmﬂICHGﬂyHHHHE aKCHOMDI:

(C) rpanuna €} \ e] K1eTku e comepKuTcsa B 00bEUHEHAN KOHEYHOTO YHCIA KIeTOK
pasMepHOCTH < ¢;

(W) moamuoxkectBo Y C X 3aMKHYTO TOTJa U TOJBKO TOTJA, KOTJA JIJIs JTIOO0H KiieT-
KN e] 3aMKHYTO Iepecedenne Y M eé;.

O6benuHenne KJIeTOK Pa3MEPHOCTH < 7N B KJIETOYHOM HpocTpaHcTBe X HA3BIBACTCS
n-m ocmosom mpocTtpancTBa X u oboznagaercs depes sk X mwnm X",

Mo2KHO 1TPOBEPUTH (3aﬂaqa) 9KBUBAJICHTHOCTD CJEAYIONINX CBOMCTB JJ1s HOJIMHOZKECTBA
KJIETOYHOI'O IMPOCTPaHCTBa X :

— noaMuoKecTBO A C X 3aMKHYTO (COOTBETCTBEHHO, OTKPHITO);

— nepecederne A N X" 3aMKHYTO (COOTBETCTBEHHO, OTKPBITO) JIJIsi JTEOOOTO 1;

— mpoobpas @; ' (A) npn xapakTepucTHIecKoM oToOpazkerun @;: DI — X mioboit
KJIETKH €] 3aMKHYT (COOTBETCTBEHHO, OTKPBIT) B DY.

Orciona BeITeKaeT, 4To oTobpaxkenue X — Y M3 KJIETOYHOrO IpocTpaHcTBa X Hempe-
PBIBHO TOTJa W TOJBKO TOTJA, KOTJA HEIpepbIBHBI Bce ero orpanmvenna X" — Y Ha
OCTOBBI.

Samevanue. Byksor «C» u «W» mpoucxomsT u3 aHnIuiickoit Tepmunosiorun «closure
finite» m «weak topology», Bocxongamieit k JIxx. Yaitrxemy. [lociiennee cBOMCTBO BBIIIE
03HAYAET, YTO TOHOJIOTHs, OmuchiBacMas akcnoMoit (W), aBisgercs camoil TOHKOMI (camoii
caboit B TEpMUHOJIOTHE YalTXe1a) U3 TonoJaoruii Ha X, Mo OTHOUIEHUIO K KOTOPBIM BCe
XapaKTepUCTHIECKHe O0TOOparKeHUsT HEeIIPEPhIBHBI.

Koucrpykius 4.1 (npukienBanne Ki1eTok ). CKazKkeM, 4TO IPOCTPAHCTBO Z MOJY YaeTCst
3 Y npukaeusanuem n-meproti xiemsu IpH noMomun otobpaxkenns ¢: St — Y, ecan



17

7 BXOJIUT B KOJIEKAPTOB KBaJipaT

R A, v

Lo

Dr — 7

r7e JieBasl BEPTHKAJIbHAS CTPEJKa BKJIaIbIBaeT cdepy B rpanumy 0D" mapa. Takum 00-
pasoM, Z — GakTopupocTpaHcTBoO obbeaunenus Y U D™ mpu 0TOXKIACCTBICHUAX T ~ ()
g x € 8" = 0D™. Kak MHOXKecTBo, Z Tpe/icTaB/asgeT coboii obbeunenne Y 0 BHYTpeH-
nocru mapa D™ — n-mepnoii kierku. Mbl Oyjem ucnosb3osars oboznadenue Z = Y U, D"

Nmeercst apyroil, MHAYKTUBHBIH MOAX0/ K OIPEJIe/IeHNI0 KJIeTOYHOTO MPOCTPAHCTBA.
Kueroanoe mpocTparcTBo X OIPEAEasIeTcss KaK Pe3yIbTaT IMOCIeI0BATETHFHOTO MPHKIEH-
BaHIs KJIETOK K JucKperHomy npoctpanctsy X . Ha n-M mare 9Toit WHIYKTHBHOH TpOIe-
JIyDBI MbI TI0JTy4aeM n-MepHblil octos X™ u3 (n—1)-meproro X"~ npuk/ienpas n-MepHble
KJIETKH €' MOCPeJCTBOM oToOpazkenuit o;: S™1 — X"~ ! Tomonorug na obbeauHenun
X = Un X" BBOZUTCA CJAEAYIONIUAM 00OPa30M: MOAMHOXKeCTBO Y C X 3aMKHYTO TOTJAQ
1 TOJBKO TOrJa, Kormaa mepecederne Y M X" 3aMKHYTO s J000r0 n. 1o obecredu-
Baer BoinosHenue akcuombl (W) juist npocrpancrsa X. HeobxoaumMo Takzke 11poBepuTh
xayc10pdoBoCThb 1 BbioHEeHIe akcHOMbI (C). DT0 ocTaérest B KauecTBe 3a/1ad.

Kaemounvim noonpocmpancmseom KI€TOIHOTO IPOCTPAHCTBA X HA3BIBAETCS 3aMKHY-
TO€e MOJAMHOXKECTBO, KOTOpPOe sBsgeTcd o0beaunenneM KjiaeTtok n3 X . Kaxkawiit octop X"
KJIETOYHOTO MPOCTPAHCTBA X SABJILAETCA KJICTOYHBIM HOAIPOCTPAHCTBOM.

Kiterounoe npocTpaHCTBO HA3bIBACTCS KOHEUHbIM, €CJI OHO COCTOUT U3 KOHETHOIO YUC-
JIa KJIETOK, U A0KAALHO KOHEWHVLM, €CJIM KAXKJIash ero TOYKa BMECTe C HEKOTOPOil OKpecT-
HOCTBIO TIPUHAJJIEKAT KOHEUHOMY MO IIPOCTPAHCTBY.

J1s KoHeIHBIX KJIeTOUHBIX mpocTpancT akcnoMbl (C) n (W) mpoBepsiTh He HYyKHO:
OHU BBINIOJIHAIOTCST ABTOMATHYECKH (3a/1a44).

Otrobpazxenue f: X — Y KJIeTOYHBIX IPOCTPAHCTB HA3BIBAETCSA KACTNOUHbLM, €CJIH
f(X™) C Y™ ans Beex n.

[TpuBeém npuMepsl pasbUeHuil Ha KJIETKH, KOTOPble He ABIAIOTCH KJIeTOIHBIME IPO-
CTPaHCTBAMU U3-33 HeBblLOJAHeHUs 0HON u3 akcuoM (C) nuu (W).

IIpumep 4.2.

1. Koneunoe pasbuenue Ha KJIETKH MOXKeT He OBITH XaycaopdgoBbiM. leiicTBUTeIbHO,
paccMoTpuM HexaycaopdoBo MpocTpaHcTBO X, MOJAydYaeMoe U3 JIBYX IK3EMILISPOB €1H-
HAYHOTO OTPE3KA OTOXKIECTBICHHEM TOUYEK C OJUHAKOBBIMHU KOOPJAMHATAMH, 33 HCK.II0Ue-
HHUEM HYJIEBbBIX KOHILOB:

X =(LULL)/ ~, rtaet;~ty, ecanty =ty >0.

[Ipm sToMm HeoTOXKTecTBAEHHBIe HYJIeBbie KOHIBI (0; n Oy HEe MMEOT HelepeceKaIoNuXCs
okpectHocreir B X. Pazobpém X mHa kierku: KoHIBI (1, O, 1 ¥ BHYTPEHHOCTH OTpe3Ka.
B kadecTBe XapaKTepHCTHYECKOIO OTOOParKeHHsI OJHOMEPHOI KJIETKU BO3bMEM BJIOZKE-
e [; — X. D710 KoHewuHOe pasbuenue yjposierBopser akcuome (W). Ilpu srom mos-
MHOXKeCTBO [; = X \ 0y HE3aMKHYTO, HO €ro TMpooOpPa3bl MPH BCEX XAPAKTEPUCTHUECKUX
0TOOpaKeHugX KJeTOK 3aMKHYTbI. [loaromy nannas Tomojiorusg Ha X He SBJISETCH CaMoil
TOHKO# 13 TOTMOJIOT Ui, 110 OTHOIIIEHUIO K KOTOPBIM BCE XapaKTEPUCTUICCKNE OTOOPaKeHU
HEIIPEPBHIBHBL.
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2. Pasbmenne mucka D? Ha ero BHyTPEHHOCTD U OTAEJLHBIC TOUKH IPAHITHON OKPY¥K-
HOCTH yhosierBopsier akcuome (W), HO He yaoBierBopsier akcuome (C).

3. Ilyctb X — MHO2KECTBO, MOJIydaeMoOe U3 CUETHOIO CeMEeHCTBA €UHUIHBIX OTPE3KOB
{Ix: k=1,2,...} oroxkmecTBieHneM BCex nX HyJIeBbiX KOHIOB. Ha X ecrecTBeHHBIM 06-
Pa30M BBOJUTCS TOMOJIOTHsI, MPOUCXOMAIIAA W3 METPUKHU: PACCTOSHUE MEXKIY TOIKAMU
t € Iy ms € I, paBro |s — t|, ecnim k = [ w paBHo t + s, ecain k # [. Pasbuenne mpo-
crpadctBa X Ha BHYTPEHHOCTH OTDE3KOB WM OcTaBinuecss Todku yaoBierBopser (C), HO
He (W): moc/ieIoBaTeIbHOCTh TOUEK % € I, cxonured K 0, T.e. dBAsgeTCS HE3AMKHYTHIM
MHOKECTBOM, HO €€ IlepecedeHne ¢ 3aMbIKaHHeM JII000H KJIEeTKH COCTOUT U3 OIHOM TOYKH
1 IOTOMY 3aMKHYTO.

JIpyroii criocod BBeJIeHHsT TOMOJOIHN Ha TOM Ke MHOXKECTBE — TOIIOJIOTHSI OECKOHeU-
noro Gykera \/;— Ij;, T.e. Tonoorust GakTOPLUPOCTPAHCTBA OECKOHEUHOIO 00beANHEeHNs]
Lo, Iy no obbeaunenno Hynesbix koHHoB | |-, Og. Byker /7~ I sBasercs kierou-
HBIM ITPOCTPAHCTBOM OTHOCUTEIBHO PAa30MeHNs HA BHYTPEHHOCTH OTPE3KOB M OCTABIITHECS
roukn; akcnoma (W) 3mech ciefyer u3 onpefeienns dbakropronosorun. OHako B 3TOM
TOMOJIOTHH GOJIbIIIE 3aMKHYTHIX MHOXKECTB (OHA c1abee B TEPMUHOJOIMU YaiTxeaa), dyem
B METPUYECKOH TONOJOIMH HA TOM 2Ke MHOXKeCTBe, ONHUCAHHO# Bbiime. MoKHO JI0Ka3aTh
(samaga), uTo Tomosorus GeckonedHoro Gykera \/;-, I He IPOHCXOAUT HU U3 KaKOil MeT-
puku. B gacTHOCTH, \/zo:1 I, menb3g BIOKUTHL B R™ HU 1711 KAKOTO N.

Koucrpyknus 4.3 (dakropnpocrpanctsa u npoussenenns). [lycts X, Y — kietousnbie
npocrpancTsa. PacemorpuM pasbuenune npousseiennd X X Y Ha KJAeTKH BUJA e X €, 11e
e — kaerka B X, a ¢ — kiuerka B Y. Ecian xorga 6bl onHo u3 npocrpancrs X, Y Jo-
KaJIbHO KOHEYHO, TO 9TO pa30dueHue Ha KJeTKH 3aJaéT Ha X X Y CTPYKTYpPY KJIETOUHOTO
npoctpancTBa. Ecam ke mpoctpancTtBa X u Y He ABISMIOTCS JOKAJILHO KOHETHBIMHU, TO
JlanHoe pasbuenue npoussezenus X X Y Ha KJIETKH MOXKET HE YJIOBJIETBOPHATH aKCHO-
Me (W) OTHOCHTEIBHO TOMOJIOTHH MPOU3BeJeHNs. DTa HpobJeMa BO3HUKAET, HAPHMED,
B ciay4ae OGeckoneunoro Gykera orpeskos X =Y = \/7_ I (3azaua). B srom ciyuae
TOMOJIOTHIO Mpou3BeaeHns X X Y HeoOXoanMo ocaabuTh (¢aeaaTh TOHBIIE).

PaKTOPIPOCTPAHCTBO KJIETOTHOIO IIPOCTPAHCTBA 110 KJIETOTHOMY MOIIIPOCTPAHCTBY Ca-
MO SIBJISIETCSI KJIETOYHBIM TPOCTPAHCTBOM (3a7a4a). B 9acTHOCTH, IUIHHID, KOHYC U HAJ-
CTPOMKA HaJ KJIETOYHBIM MPOCTPAHCTBOM — KJIETOYHBIE IIPOCTPAHCTBA.

ITpumep 4.4.

1. Cdepa S™ umeer kjaerounoe pasbuenue u3 JByxX Kjerok: Touku €’ = (1,0,...,0)
1 MHOzKecTBa e = S™ \ €’. XapakTepucruiyeckoe orobpazkenue D" — S™ cOOTBETCTBY-
[olllee BTOPOi KJeTKe, IepeBOJUT I'paHully Imapa B Touky e’. Hampumep, MOXKHO B34Thb
0TOOparKeHue

(—cosmr, Lsinqr, ..., 2 sin7wr), ecau r # 0,
(T1,. .. xp) r r
(—=1,0,...,0), ecin r = 0.
. _ /2 2
aer=+/x{+...+x;.
2. Jlpyroe kjerodnoe pasbuenue cepsl S™ cocrout uz 2n + 2 kaerox e, el ... el:
k1eTka ef cocromt W3 Touex (Zg,...,T,) € S", ¥ KOTOPHIX Ty = -+ = 2, = 0 m

+x, > 0. 3/1ech 3aMBIKaHUe KaKJI0i KJIeTKH roMeoMOpdHO mapy.

3. Bewecmesennoe npoexmusroe npocmpancmeo RP™ onpenessercd Kak MHOZKECTBO
npoxoaamux depes 0 npameix B R". Tononorns B RP™ BBoanTea Kak (PAKTOPTOMOTOTHS
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npocrpancTsa R H \ O 110 OTHOITIEHH IO SKBUBAJIEHTHOCTH, IIPH KOTOPOM OTOZK IE€CTBISIOTCSI
TOYKH, JIEYKAIHEe HA OHOM MPAMOit, Tpoxoasieit depe3 0. DTa TOMOJIOTHs SKBUBAJIEHTHA,
TOIIOJIOTUH, IPOUCXOJALAINel U3 yIVIOBOH METPUKHU: pacCTOdHUE MeXKIAy IPIMBIMU PaBHO
YLy MezKJy HUMU.

Koopaunarsr (g, x1,. .., T,) HAIPABISIOIIETO BEKTOPA MPAMOI (OIpeIeIéHHbIE ¢ TOY-
HOCTBIO JI0 MPOMOPIUOHAIBHOCTH) HA3BIBAIOTCA 0JHOPOOHBLMU KO0OPOUHAMAMYU TOYKH
m3 RP"; mpu 3TOM HCMOIb3yeTcs obo3HAYEHWe [Tg @ 1 : ... : X,]. Toukn, y KOTOpHIX
-9 KOOpJAuHATA OTJANYHA 0T () COCTABIAIOT -10 aPpPunHyto Kapmy

Ui={[zo:x1:...:2,] € RP": z; # 0}.
OTtobpazkenue
i n . . . o Ti—1 Ti41 Tn
U —=R" [xg:xy:...:2,] — (Ii,..., ot ,...,mi)

ompeaeaser romeomopduzMm abduaHoi KapThl Ha R™ u 3a7a6T B Heil KOOPIWMHATHI.

Uwmeercs orobpazkenne S™ — RP™, koTopoe mepeBoguT TOUKY chephbl B IPSIMYIO, TPOXO-
Jsty o gepe3 3ty Touky u 0. [lpu srom numameTpasbHO TPOTHUBOMOIOKHBIE TOYKH Cepb
nmepexoadaT B onHy npamyio. Takum obpaszom, RP™ moay4daercs u3 S™ 0TOXKIECTBICHHEM
JMAMETPAIBHO TPOTUBONONOKHEIX ToueK. Bepxmss momycdepa ST = {z € S™: x, > 0}
romeomopdHa mapy D™ (mocpegcTBoM 0TOGpazKeHUsT TPOEKINH, 3a0BIBAIONIErO TOCTe]-
nioto kKoopaumary). Cyzxemne orobpaxenusa S" — RP™ ma S 3amaér oroGpaxkemnue
D" — RP", upu KOTOPOM B OJIHY TOYKY OTOODParKalOTCs TOJbKO JIMAMETPAJIbHO IPO-
THBOMOJIOYKHBIE TOUKH IpaHu4Hoil cpepur S*~1 C D™

[Ipu orobpazkernun S™ — RP" kjieTkn ei u e’ paszbuenns cepbr S” U3 IPEIBIIYIIEIO
puMepa CKJIECUBAIOTCA U Tojiy4daeTcs pazbuenue npocrpanctsa RP™ ua n + 1 Kjaerky, mno
onHOl KieTKe ef B Kaxkioit pasmeproctu k < n. Mbl nmeem

e ={lxog:x1 ... ix ] ERP 2, #0, 23 = ... =2, = 0}.

Hpyravu ciaosamu, ef = RPF\RP*~! rae npocrpancrsa RP* 06pasyioT nemnouky Bioze-

mmit pt = RPY C RP! C ... C RP". XapakTepucTuieckKuM 0TOOparKeHmeM /i KJIeTKH

ek apnaerca komnosumusa DF — RP¥ <5 RP™ IpoeKIun i BIOKEHHS.

4. Pacemorpum MHOXKeCTBO R dlunummuoir (T.e. HyJeBbIX, HAYMHAsI C HEKOTODPO-
ro MecTa) MOCJIe0BaTeNbHOCTel (X1, Lo, T3, ...) BEIECTBeHHBIX ducena. MuoxkecTBo R
MOZKHO OTOXK/JECTBUTH ¢ GecKoHeuHbIM 00begunenueM | J - | R BIOKEHHBIX IPOCTPAHCTB
R c R2 Cc R? C ..., rae R" sraaanBaerca B R IpH MOMOIIH OTOOPAYKEHIST

(T1,. . ) = (T1,. .., T0,0,0,...).

Tomostorust B R* BBOAuTCs ipaBmioM: moaMHOKeCTBO A C R 3aMKHYTO TOrIA B TOJIBKO
Torma, Koraa Bee nepecedennst ANR™ 3amkuyTH B cBOux mpocTpancTBax R™. 9ro — camas
TOHKas TOMOJIOTHs, B KOTOPO#l Bce Bioxkenus R — R HenmpepbiBHBI, OHA HA3bIBACTCS
monoao2uets NPamo20 NPedesa.

Beckoneunomepras cgepa S omnpenensercd Kak eIuHHYHAS cdepa B ITPOCTPAH-
crBe R™. Mo umeem S* = [J77 | S" — Geckoneunoe o0beIHHEHHE BIOKEHHBIX cep
Stcs*csic...

Beckoneunomeproe sewecmeennoe npoekmustoe npocmparcmso RP® — 310 odbean-
HeHUe BJIOYKEHHBIX IPOeKTUBHBIX npocrpancts RPY C RP?2 C RP3? C .. .. DKkBuBajeHTHO,
R P — 3710 MmuozkecTBO npoxojdaimux depe3 0 npambix B R*. TIpocrpancrso RP> moJy-
qaercs u3 S°° 0TOXKIECTBACHHEM INaMEeTPATbHO TPOTUBOMOJIOKHBIX TOUEK.
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Kirerounsie pazdouenus cdep S™ um mpoekTUBHBIX TpocTpancTB RP™ u3 AByX mpejibi-
JIYIIX TPUMEPOB AT KjaeTouHbie pa3dbuenuns S u RP>. Tlepsoe pazbmenne nmeer 1o
JIBe KJIeTKU eﬁ u e¥ | a Bropoe — 1o omHOil KieTke ¥ B kKaxmoit pasmepnoctn k > 0. Ilpn
stoM akcuoma (W) I71s KazKJI0To U3 9TUX KJIeTOYHBIX pa3OUeHuil BhITEKAeT U3 OIpejIere-

HUA TOIIOJIOTUU IPAMOTO IIpeaeJia.

5. Komnaexcroe npoexmusnoe npocmpancmeo CP™ onpenensieTcss KaKk MHOYKECTBO IIPO-
xoaamux depes O npambix B C*L Kax u B caygae RP™, na npocrpancrse CP" numerorces
0dHopoduwvie Koopdunamul [2g: z1: ... Z,] (OUpeNeSEHHBIE ¢ TOYHOCTBIO JI0 YMHOKEHUSI
Ha HeHyJsieBoe KomiuiekcHoe uncsio) u CP™ nokpeiBaercst n + 1 adbduuabiME KapTamu,
Kask/1as u3 KOTOPBIX ToMeomopdua npocrpanctsy C”.

Paccvorpum emHn4aHYI0 cdepy

S = {(z0,21,. .., 20) €C 2P+ |2 + ..+ |z = 1T,

Mbi umeem orobpakenue S — CP", (29, 21,...,2,) > [20% 211 - .. 2y, IPU KOTOPOM
11poo6pa3oM TOUKH [2g: 21: ...: z,] € CP" aBasercs okpyxuocTh B S cocrosumas
u3 ToueK (202, 212,...,2,2) € 2] = 1.

PaccmoTpuMm TakzKe map
D™ = {(z(]?Zlv SR Zn) € SQn+1: Zn € R, Zn 2 0}

Torma oTobpazkenne S2"1 — CP" orpanmumbaeTca 10 oTobpaxkenna D?® — CP™, ko-
TOpOe B3aHMHO OJHO3HAYHO Ha BHYTPEHHOCTH Iapa, a Ha Tpanume S2"~! mpomexomut
OTOZKJICCTBICHHE KaK OMHMCAHO BbllIe (OKPYXKHOCTH HePexoidT B TOUKH ).

910 maér pazdouenne CP" Ha KJIeTKH

e ={lzg:z .. 2y ECP™: 2, #0, 2pyy = ... = 2, = 0},

10 OJHO¥ B KaxkKIo# uéTHOil paszMepHocTH 2k < 2n, ¢ XapaKTepUCTHUIECKUMH O0TOOpazKe-
mavu D?* — CP*F — CP".

6. Kitaccnaeckne aByMepHBIE MTOBEPXHOCTH (C(bepbl C PYUYKaMU, IPOEKTUBHBIE MJIOCKO-
cru ¢ pydkamu, OyreLiku Koeiina ¢ py‘lKaMI/I) [IOJIy 9al0TCsI Iy TEM OTOXKIeCTBIeHUs peOEp
Ha TPaHUIE MHOIOYTOJIbHUKA. DTO MPHBOAUT K KJIETOYHBIM Pa3OHEHUsIM ITOBEPXHOCTEN ¢
OJTHOIT ABYMEPHON KJIETKOW.

a a
b b b b
a a
a) Top 6) RP? B) Byrbuika Koeiina r) Kpenjeinn
Puc. 1.

Ha puc. 1 a) uzobpazkeHo KJIeTOYHOE pa3bUeHHe TOpPa, MOIYIAeMOe OTOXKIECTBICHH-
eM pebEp KBaJipaTa B COOTBETCTBUM ¢ OyKBaMu U Halpajenuem crpesok. [losmydaemoe
pasbuenue umMeer onHy 0-MEpHYIO KJIeTKY (B KOTODYIO CKJIEHBAIOTCS BCE BEDIIHHBI), JIBe
1-MepHBIX KJIeTKH a U b 1 OMHY 2-MepHYI0 KJIeTKY (BHYTPEHHOCTb KBa/JpaTa).
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Ha puc. 1 6) n300pazkeHO KJIeTOYHOe pa3OueHne MPOEKTHBHOI MIOCKOCTH ¢ OfHON 0-
MepHO#, 0/1HO# 1-MepHOil U OXHON 2-MepPHOH KJIeTKaMu. JTO pa3dmeHne COBMAIAET C pas3-
OueHneM U3 mMpUMepa 3 Mpu n = 2.

Ha puc. 1 B) uzo6pazkeHo kjietodnoe pasbuenne Gyrouiku Kieitna ¢ omnoit 0-MepHOI,
JIBYM¢ 1-MepHBIMHU M OJIHON 2-MepHO# KJIeTKaMHu.

Ha puc. 1 r) nzo6pazkeHo KjaeTouHoe pasbuenue cepbl ¢ IByMs pydYKamu (KpeHJIest),
MOJIy4aeMoe OTOXKIECTBICHUEM PeOEp BOChbMUYyToabHIKa. OHO comepKuT oany 0-MepHyIo,
qeTbipe 1-MepHbIe U O/IHY 2-MEePHYI0 KJIeTKaMu. AHAJIOrn4IHO, pa3buenue cepol ¢ g pyd-
KaMu (TakzKe HAa3bIBAEMO OpueHmupyemots noseprHocmuvlo podd ¢) MOMKHO HOIYyYHTH
0TOXKiecTBIeHeM pébep 4g-yroabuuka. Takoe pazduenue mmMeeT 2¢ OJHOMEPHBIX KJIETOK
ai,...,ay 1 by,..., by. Pazbuenne NpoeKTUBHOI IJIOCKOCTHU C g PYyYKaMH MOYKHO HOJIY9UTh
OTOXKJeCTBIeHHeM pébep 49+ 2-yronbHUKA, a pa3buenne OyToLiku KireitHa ¢ g pyuykaMm —
OTOXKJecTBIeHHeM pébep 4g + 4-yroJbHUKA.

CeoiicTBO mpogoskeHusi romoronuu. [logmpocrparncrtBo A npocrpancrsa X Ha3bI-
BAETCS €T0 Pempakmom, eCliu cymecrpyer orobpazxenue r: X — X, takoe, uto r(X) = A
ur|s=id (re. r(a) = a mas moboro a € A). OTobpazkenue r Ha3pIBaeTCs pemparyuets X
Ha A; OHO yJOBJIETBOPAET COOTHONICHHIO 72 = T U SABJIACTCH TONOJOIMYeCKUM aHaI0roOM
IPOEKTOPA.

Eciin perpakuus r: X — X, r(X) = A, roMOTOIIHA TOXKIECTBEHHOMY OTOODAZKEHUIO,
10 A HaspIBaercsa dedopmavuornvm pemparmom mupocrpancrsa X. Eciau, cBepx Toro,
romororuio F': X X I — X mexay r u id MOXKHO ¢lenaTh TOXKIecTBeHHOI Ha A (T.e.
F(a,t) = a nag moboro t € 1), To A Ha3bIBACTCS CMpPo2uM 0ePoOPMAUUOHHYM PEMPAKIMOM
npocTpancTra X.

ITpumep 4.5.
1. JIns roboit Touku xg € X MOAIPOCTPAHCTBO To X Y = Y gBigercs perpakToM
nponsBesiernst X X Y. Perpakmust r: X XY — X XY 3anaéres dopmyaoii r(z,y) = (2o, y).

2. Eqmananas okpyKHOCTL S aBageTcd cTporuM 1ebOpPMAIHOHHEBIM PeTPAKTOM TIPO-
crparicrsa R? \ 0. Perpaknusa r: R? \ 0 — R? \ 0 sanaérea dopuymoit r(z) = 3, a
E3
Edn

romoromnus Mexay r u id — dopmynoit F(x,t) =tx + (1 —t)

Iapoti npocrpancts HasbiBaercs: napa (X, A), e X — upocrpancrBo, a A — ero
noanpoctpancrBo. Omobpasiceruem nap f: (X, A) — (Y, B) HasbiBaeTcsi HEIPEPHIBHOE
orobpaxkenune f: X — Y, rakoe, uro f(A) C B. Hampumep, orobpazkeHne mpocTPaHCTB
¢ OTMeYeHHBIMH TOYKaMU siBisiercst orobpazkernnem nap (X, xg) — (Y, yo).

ToBopar, uto nmapa (X, A) obramaer ceoticmsom npodoasicenus zomomonuu (homotopy
extension property, HEP), ecau mias joboro orobpaxenus f: X — Z u roMoronuu
F: Ax 1 — Z, takoit, ato Fy = f|a, CyImecTByeT roMoTonust F: X xI — Z, nas
KOTOPOIi F, = fu F |axs = F. Takum obpaszom, (X, A) obsiagaer cBOWCTBOM 1IPOIOJIZKE-
HUsI TOMOTOIHH, ec/in Jjitoboe orobparkenne X X 0 U A X [ — Z MOXKHO HPOJIOIKUTDH JI0
orobpaxkenus X X I — Z. Iapa (X, A), yaoBreTBopsifommasi ¢BOHCTBY TPOJIOIZKEHHE IO~
MOTOINHN, TaK:Ke HasbiBaeTcsa napot Bopcyka, a orobpaxkenne A — X — KopaccaoeHuem
(eMbICT TIOCTEIHETO TepMuHA OyeT 00bsICHEH TT03Ke, B pas/ese 9).

IIpengoxxenune 4.6. Ilapa (X, A) obaadaem ceoticmeom npodosHcerus 20MOMONUL MO-
2da u moavko moeda, koeda X X 0U A x I — pempaxm npocmpancmea X X 1.
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JHoxasamenvcmeo. CBOMCTBO MPOMOIKEHNS TOMOTOINH BJIEUET, YTO TOXKIECTBEHHOE 0TO0-
paxenne id: X x OUA x I — X x 0U A x [ npomomkaercss 10 0OTOOpazKeHUst
X XTI — Xx0UAxI, anmoromy X x 0UA X [ gBisercsa perpakToM npoctpancrsa X X [.

[Iycts Teneps nana perpakmus r: X X [ — X X OUA x I. Orobpazxkenns f: X x0 — Z
u F': AxI — Z cornacoBansl Ha A X 0, a TOTOMY CKJIenBafoTcs B oroopazkerre X X 0U 4«
AXI — Z (em. ynpazkuaenue 1.39). TpyIHOCTH MOKET 3aKJIIOYATHCSA B TOM, YTO TOMNOJIOTHST
ckateiikn X X 0Uaxp A X I (dbakrop-ronosorus HecBsa3uoro oobeauuenns X X 0L A x 1)
MOZKET OTJIMYATHCSI OT TOMOJIOIUH, WHyHUPOoBanHOil BiioxkennemM X X OUA x [ — X x [.

Ecan momvuoxkectBo A C X 3aMKHYTO, TO TOHNOJIOTHS CKJIEHKH COBIAIAET C WHIYIU-
posanHoil Tomosorueii. (3amernm, uro noamuOkecTBo B C X X 0U A X I 3aMKHYTO B
TOMOJIOTHH CKJIEHKH TOT/1a U TOJBKO Toraa, kKormga 3aMkHyTel BN X x0u BN A X I, aTo
JKe TOAMHOKECTBO 3aMKHYTO B HH/LY ITHPOBAHHOI TOIOJIOTMH TOI/Ia U TOJIHKO TOIJIA, KOIIa
Haligércs 3amkayToe B’ C X x I, nyst koroporo B = B'N (X x 0U A x I).) Hanee nam
MOHATOOUTCS TOJIBKO TOT caydail. B obmem ciydae MOXKHO ITOKa3aTh, 9TO IPU HATHIUU
perpakiuu r: X X [ — X x 0U A x [ Tonosorus ckIeikn rpybee MHIAYIHPOBAHHON TO-
LOJIOIMH, 1109TOMY HenpepbiBHOe orobpaxkenue X X 0Ugxg A X I — Z u3 ckieiiku Oyuer
TAKYKe HEIPEPBIBHO B MHIYIUPOBAHHON TOMOIOTHH. B pe3ysbrare mo/ry4aeM KOMITO3UITIIO

XxT s Xx0UuAx18 7
KOTOpad 3a1aéT TpedyeMoe IpOoI0JIzKeHne TOMOTOIINH. O

Kaemounotl napoti nassiBaercs napa (X, A), rme X — KJIeTo9HOE POCTPAHCTBO, a A —
ero KJIeTOYHOEe MOIIPOCTPAHCTBO.

Teopema 4.7. Kaemounas napa (X, A) obaadaem ceolicmeom npodosscenus 20Momo-
nUU.

Joxazamenvemeo. Mbr jokazkem, aro X X 0U A X [ saBjisiercst perpakToM IIPOCTPAHCTBA
X x I; rorga pesysbrar Oyjaer ciaeaoBarb u3 npejjioxenns 4.6.

Perpakmug X x [ — X x 0U A x I Oyzer nmocTtpoeHa KakK KOMITO3UIIAS PETPAKITHIT
rp: X" x T —X"x0U (X”_1 U A") x I. Kommosuiust 3/1eCh TOHUMAETCST B CJIELY OITEM
cmbicte. Tak kak X X [ = U@O X" x I, xaxxaas Touka x € X X [ jgexur B X™ X I mas
HekoToporo n. IIpuMeHHB K & peTpakIumoo r,, Mbl monaaéMm aubo B X" x 0 U A™ x I C
X x0UAXI, mbo B X! x I. B nociejeM ciaydae Mbl IPUMeEHdeM PeTPaKIIIo
Tpo1: XX T — X" x0U (X"2U A" 1) x I, B pesyabraTe 4ero monaaém Jguoo B
X x0UAx I, mbo B X" 2x I, nTak nanee. B pesyabrare, mocjie10BaTesbHO MPUMeHsT
kK r € X" x I perpakmuu r,, Tp_1, ..., g, Mbl nonagaém B X X 0 U A X I, Tak Kak
X! = @. Tlonyuaemoe orobpazxkenne X x I — X x 0U A x I 6yner HeIpepuIBHO, TaK
KaK OHO HENPEPBIBHO Ha KaxkI0M octoBe X" X [, rae OHO YCTPOEHO KaK KOMIIO3UITUSI
KOHETHOTO YWCJIa HEMPEPBIBHBIX PETPAKINi. DTOT MPOIECC COOTBETCTBYET TOMY, ITO MbI
npopoazKaem romoronnio A x I — Z no X x I — Z mocaenoBaTesbHO IO OCTOBAM, Ha
n-mare npogozkas romoromuio (X" U A) x [ — Z 1o romoronuu (X" UA) x [ — Z.

OcTaI0ch MOCTPOUTD PETPAKIHAIO 7yt X X [ — X" x 0U(X" 1UA") x I. IIpocTpaHcTBO
X" nosryuaercs uz X" LUA" nobapienneM BeexX n-MepHBIX KJIeTOK, He Jjexkanux B A. Ta-
KkuM o6pazom, X" x I nomyqaerca n3 X" x 0U(X" 1UA™) x [ npukIenBaHAeM 3K3eMILTAPOB
D" x I Baoab D™ x0UOD™ x I ipu nomo1tiu XxapakTepUCTHIECKIX OTOOPaKeHMiT n-MEePHBIX
KJIETOK. Tak Kak xapakrepucrudeckoe orobpaxkenune D" — X" gpjgercsa romeomopdus-
MOM Ha BHYTPEHHOCTH Iapa, Tpebyemas perpakius 7, : X" x [ — X" x0U(X" TUA") x [
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[IOJIy 9aeTCsl TPUMEHEHUEM OT/IEIbHO JIJIA KaK/10i n-MepHOI KJIeTKN CTAHAaPTHON PeTpaK-
man 7: D" X [ — D" x 0 U D™ x I (nmuinHap perparupyercs Ha o0beJWHeHHe THA 1
CTEHKH). DTY CTAHIAPTHYIO DETPAKIIUIO MOXKHO 33/IaTh IIEHTPATLHON MPOEKIHeli U3 TOUKH

(0,2) € D" x R. 0

Teopema 4.8. Ecau napa (X, A) ydosaemsopaem c6oticmey npodoascenus 20MOMonuy
(nanpumep, ecau (X, A) — kaemounas napa) u A cmazusaemo, mo omobpasicerue dak-
mopusayuu q: X — X/A asasemca 20Momonuueckol] IK6UBAAEHMHOCTIDIO.

Hoxasamenavcmeo. CTIrMBaHEE TPOCTPAHCTBA, A — 9TO TOMOTOIMUS MEXKIY OTOOPaYKeHH-
avu id: A - Au A — pt. [lycrs Fy: X — X — npogoskenue 310t ToMOTONNAN, TPUIEM
Fy = id. Tak kak F}(A) C A ansa seex t, komnosunust ¢Fy: X — X/A nepesogur A B
TOUKY, & 3HAYHT MPEACTABISETCS B BHAE KOMIO3MmANL X —— X /A — X/A. O6o3nauus
oCJIe/IHee 0TOOpazkeHne depes ﬁt, MBI [TOJTy9aeM KOMMYTATHBHYIO JUATPAMMY CJIeBa, I1e
F, u F, Mox10 paccMaTpUBaTh KAK TOMOTOIINH:

X o x X" o x

o T

x/ALe x4 x/A-De XA

[pu t = 1 mbt umeem Fi(A) = pt, a 3uaaur F)} ungymupyer orobpaxenue g: X/A — X,
npuudM gq = Fy, Kak Ha jauarpamue cipasa. Kpome toro, q¢ = Fj, Tak kax q9(T) =
q9q(z) = qFi(z) = Fiq(z) = F\(7). Orobpazenns g: X/A — X n ¢: X — X/A apnsor-
¢ B3aUMHO OOPATHBIMH TOMOTONUYECKAM SKBHBAJICHTHOCTSMM, TaK Kak gq = F) ~ F =
id mocpejicTBOM Fy 1 qg = ﬁl ~ ﬁo = id mocpejicTBOM ﬁt O

Caencrsue 4.9. Fcau (X, A) — xaemounan napa, mo X/A ~ X UCA, 2de CA — xonyc
Had A.

Hoxazameavemeo. Mot umeem X/A = (X U CA)/CA ~ X U CA, rue nocienuss ro-
MOTOIMYECKAsT SKBUBAJIEHTHOCTb BBITEKAET U3 MPEJBLIYIIEil TeOpeMbl, IPUMEHEHHON K
kierounoit nape (X UCA, CA). O

Teopema o kjerouHoii anmpokcumamuu. Ecim A C X — moampocTpaHcTBo, TO
2omomonueti omuocumenvrno A HazbiBaercs romoromnus Fy: X — Y, makas, 9T0 49TO
Fi(a) = Fy(a) mna mobeix ¢, € I uwa € A (1.e. roMOTONNS HEMOABIZKHA HA A).

Teopema 4.10. Jlwboe omobpasicenue f: X — Y KaemouHvr npocmpancme 20MomonHo
KAemouromy omobpascenuro. Eeau [ yoce asaaemes KAEmMouHvbM Ha KACMOUWHOM NOONPO-
cmpanemee A C X, mo MOHCHO 8bLOPAMB 20MOTMONUI0 OMHOCUMEALHO A.

Hoxasamenvcmeso. Ilpenmonoxum mo uaayknum, 910 f: X — Y yKe KJI€TOYHO HA OCTO-
Be X" 1 unycrs e — kjerka B X. 3aMblKaH#e €” KOMIAKTHO B X, TaK KaK OHO gBJdeTcd
06pa30M XapaKTepUCTHIeCKOTo oTobpaxkenus. Torma f(€”) C Y Takke KOMIAKTHO, a 3HA-
aut f(e") nepecekaer TOILKO KOHEUHOe YHCT0 KAeToK B Y (ynpaxkuenue 4.13). Tlycts e —
KJIETKA CaMOli BBICOKON pa3MepHOCTH, ¢ KOTOpoil mepecekaercst f(e"). MoxkHO cunTaTs,
910 kK > n, Tak Kak uHade f yrke KjaeTodHo Ha e". Huzke MBI mMOKaykeMm, 94TO CYIIECTBY-
er nedopmanust (romoronus) orobpazkenus f|xn-1uen oTHOCHTEbHO X! Takas, uTo
obpa3 kjaeTku e" npu aepopMupoOBaHHOM OTOOPAYKEHUU HE COMEPIKUT HEKOTOPYIO TOUYKY
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y € e*. Toraa MoxkHO meopMHUpPOBATL OTOGpazKeHue f|xn-1 . OTHOCHTETLHO X" ! Tak,
9TO6E 06pa3 KJIeTKH ¢ BOOOIe He TepeceKas KIeTKy F. JIjg 3T0ro Hy»KHO KOMIIO3HIIIIO
¢ mecbopMaImonHoit peTpaxnueii mpocrpancTsa Y ¥\ y na Y*\ e¥. Takaa nedbopmanuonnas
peTpakiiis CymIecTBYeT, TaK KaK cyllecTByeT qedopManuonnad perpakius D\ x — 9D*
g x € int D¥, a xapakTepucTHdeckoe orobpazkenne DF — Y kierku eF apngerca romeo-
MopdmsmoM Ha int DF. IToBTOpss 3TOT mpomece KOHETHOe IHCI0 Pa3, MBI 100BEMCS TOTO,
ITOOBI MHOZKECTBO f(€") He MepeceKasoch CO BCeMU KJIETKAMHU pa3MepHOCTH 6obIie n. [le-
Jiagd 9TO JJid BCEX N-MEPHBIX KJIETOK U OCTaBJIAA IIPU 3TOM OTO6pa}K€HI/Ie HEIIOABUZKHbBIMUI
HA N-MEPHBIX KJETKaX u3 A, rje 0HO yKe KJIETOUHOE, MBI MOJIyIUM TOMOTOIHI0 0TOOpa-
xenus f|xn ornocurenbno X" LU A" B kjerounoe orobpazkenue. lajee Mbl HOJb3YeMCs
Teopemoit 4.7, 9ToObI TPOAOIKNATH 3Ty romoronnio X" X I — Y, BMecTe ¢ TOCTOSTHHOI
roMoTornueit #Ha A, 10 FOMOTOINK HA BCEM IIPOCTpaHCTBe X, T. €. IPUMEHUM CBOHCTBO IIPO-
noszkerust romotonuu K nape (X, X™UA). B pesy/brare Moty YuM TOMOTOIHIO HCXOTHOTO
orobpazkenus f: X — Y B orobpazkenue, KoTopoe KjeTouno Ha X" u coplajaer Ha X" !
¢ 0TOOpazKeHneM M3 MpeJIbIIYIIero mara.

[lepexomst K npegeny mpu n — 00, HOJIyYaeM, BO3MOXKHO, OECKOHEYHYIO IOC/I€0Ba~
TEJIBHOCTDH FOMOTOHI/IIU/I, KOTOPYIO MO2KHO pPe€aJin30BaThb KaK OJAHY I'OMOTOIINIO, BbBINIOJIHAA
FOMOTOIMIO ¢ HOMEPOM 7 B Tedenue spemenu ¢ u3 uarepsana [1 — s, 1 — 5], Bozee mo-
JIpobHO, cHadasa 3a BpeMst ¢t € [0, %] MBI JiecpbopMupyeM ucxoiHoe orobpazkenue f: X — Y

B OTOOpaskeHme, KOTOpoe aBIgeTcs KieTounsM Ha X . Batem 3a Bpemd t € [1, 1] mur ge-

214
dbopMupyem 3T0 oTOOpaKeHHe B OTOOpazKeHue, KOTOpoe dABIdeTcs KJIeTOYHbIM Ha X' n
coBnagaer ¢ mpeasrymuM Ha X, 1 Tax ganee. HempepbIBHOCTD Beeil ToMOTONNHT obectie-
quBaerTcst akcuomoii (W): misa kax ol kaetku e u3 X romMoronus GyeT HelmoIBIuKHOIM,
HauWHas ¢ HEKOTOporo t, < 1.
Y10o0bl 3al0JHUTD HEIOCTAIONINI Tar B PACCyKJICHUM, HAM TOHAIO00UTCHA <«JIeMMa O

CBODOIHON TOYKE» :

Jlemma 4.11. ITycmo U C R® — omkpumoe mmosicecmeo u p: U — int D¥ — maxoe
HENPePvIeHoe 0MOoBPasIcenUe, YMo 0AA HEKOMOPo20 3amknymozo wapa B* C int D* noo-
mnooicecmeo V = o 1 (B¥) C U womnaxmmo. Ecau k > n, mo cywecmeyem nenpepuenoe
omobpasicerue : U — int D¥, 2omomonnoe o, coenadarowee ¢ ¢ eéne V. u makoe, 4mo
e20 06pas ne noxpweaem ecezo wapa BF.

JlokazaTeIbCcTBO JIEMMbI HPUBOJIUTCSA HHUXKE, a MOKA 3aBEPIIUM J0KA3aTeJIbCTBO TEO-
peMbl. V3 JeMMBI 0 cBOOOMHOI TOYKHM W CBOWCTB XapaKTEPUCTUUECKUX OTOOPAXKEHHI
h: D" — X u g: D¥ — Y xierok e" n €* BbiTekaer, uro orobpazkeHue flavxn-10en
romoTonHo otHocuTeabHo A U X! orobpaxkennio f/: AU X"t Ue" — Y, TakoMy, 4TO
f'(e") mepecexaer Te we kaeTku, 4o u f(€"), HO He COMEPKUT BCIO KiaeTKy . Jleii-
CTBUTEILHO, TTPUMEHNM JlemMMy K nomvuoskectBy U = h=1(f~1(e¥) N e™) u orobpaskernto
¢ =g lofoh:U — int D¥ (torma ana moboro samxmyToro mapa B* C int D¥ moa-
MHOxKecTBo V = ¢~ 1(B*) C U koMmakTHO Kak 3aMKHYTOe HOJMHOXKeCTBO mapa D).
JlemMa maét Ham otobpazkernme 1: U — int D¥. Torma Mbl onpeneauM oTobpakenne f’

o opmyJie

f(z), ecim x ¢ h(U),

f'(x) = govoh Hz), ecuuz € h(U).
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D10 oTOGpaykeHnme HEIPEePHIBHO, TaK KaK OToOpaskenns f u g o ¢ o h™! coBmagaior Ha
muozkectse h(U \ V). Kpome Toro, romororusi MexkIay ¢ u ¢ JaéT TOMOTONUIO MeXKay f
u f', a f'(e") e moxpeiBaer €, Tax xax ¢ (U) He mOKpbIBaeT Beero mapa BF. O

g mokasaTenbCcTBa JeMMbI O ¢BOOOIHOI TOYKe MbI HCIOJIb3YeM KYCOYHO-JIMHEHHYIO
AIMPOKCHMAIIHIO.

HamomuanM, 9To k-MepHBI cumnaexe AF — 370 BRIIYKIasd 060g04Ka Habopa m3 k + 1
TOYEK Xg, L1, .., T B R, He Jexkamux Ha ool (k— 1)-mepnoit wrockoctu. 9tu k+ 1 To-
Y€K HA3bIBAIOTCS 8EPULUHAMU CUMILICKCA, & BBIILYKJIbIe 000JI0UKHU O IHADOPOB MHOZKECTBA,
BEPINHH HA3BIBAIOTCA 2paHAmMu. I paHn SIBJIAIOTCS CHMILIEKCAMHI Pa3MepHOCTH < K.

CumnauyuasbHoil KoMNAeKe — ITO TAKOH HADOD CHMILIEKCOB IIPOU3BOILHON PA3MEPHO-
c¢Tu B HeKoTopoM R™, 4To JT100bIe 1BA CUMILIEKCA U3 3TOTO HAabopa Jnbo He MmepecekaroTCs,
0O IepeceKkaroTCsd Mo TMeJIoi rpanu. ['0BOpAT, 9TO0 HEKOTOPOE IIOAMHOYKECTBO IMPOCTPAH-
ctBa R" mpuareysuposano, ecii OHO MPEICTABICHO B BHJE O0bEIHHEHHs] CHMILIEKCOB,
KOTOpbIe 00pa3yoT CUMILIMIHAIBHBIR KOMILIEKC.

Bapuuenmpom cummiekca AF ¢ BepmmuamMu g, o1, . . . , T Ha3bIBaeTcd TOUKA k+r1($0 +

r1+...+). Bapuyenmpuueckum nodpasbuenuem cumiiekca AF HasbiBaeTcs CUMILIMIN-
AJTBHDBIN KOMILTIEKC, BEPITHHAME KOTOPOTO SIBJISIOTCS OAPUIIEHTPHI BCEX TPaHel CHMILTIeKCa
AF; 1npu 310M HaBOP GAPULEHTPOB IpaHeil AB/IAETCS MHOXKKECTBOM BEPLIIMH CHMILIEKCA,
B OAPHUIEHTPUUIECKOM IMOAPa30UeHU TOJBKO TOLJA, KOTJA TH TPAHU 00pas3ylor Iernod-
Ky BJIOXKEHHBIX JIpYT B Jipyra. [lo-apyromy dapurienTpuyeckoe mojipa3buenne CUMILIEKCA,
MOZKHO OIPEJIEJNTh HHYKTHBHO: OapUIEHTPIUIECKOe mopa3duenne 0-MepHOro CHMILIEKCA
(Toukm) ecTh cama 3Ta TOYKa, a Tpu k > 0 GapuieHTprudeckoe moapasbrnenre k-MepHOTo
CUMILTIEKCA TTOJIY9aeTCsl B3ATHEM KOHYCOB HaJl DapUIEHTPUIECKAMH HOAPA3OUEHUAMI BCEX
ero rpamefl. AHAJOTHYHO, HHIYKTUBHBIM 00pa30M Ompejie/isercd 6apuieHTpHIecKoe moI-
pazbueHne TpoU3BOJIBHOIO CHMILIAITHAILHOTO KOMILIEKCA.

ODTH KOHCTPYKIMH 00JIATAI0OT CIEAYIONMUMA JABYMS CBOcTBAMU. Bo-TIepBBIX, JTHHEHHOE
oTobpaxkenne cumiiexca AF B o6oe npocrpanctso R™ onpee/sgercs CBONMEI 3HAUCHH -
MU Ha BepimmHax. Bo-BTophix, eciu mmamerp cuvintexca AP (MakcumabHOe paccTosHume
MezKJly ero TOYKaM#) PaBeH ', TO JHAMETPHI CHMILIEKCOB ero GapHIeHTPHIECKOrO MO/
pa3dueHus He TPEBOCXOAT k—ilr. Takum 06pa3oM, MHOTOKPATHO MPUMEHAS OAPUIICHTPH-
YecKoe MojIpa3duenne, MOXKHO MOJIYYaTh CKOJIb YIOJHO MEJIKHE TPHAHTYISIINN.
oxazamenvemeo aemmot 4.11. Ilpexkae Bcero 3amMeruMm, 49to orobpazkenume v: U —
int D*, copnaatomiee ¢ o BHe V, Gy1eT aBTOMaTHYECKH TOMOTOIHO (o oTHocuTeabHo U\ V;
JIOCTATOYHO B3SThH «IPSIMOJUHEHHYIO» TOMOTONUIO, TIPH KOTOPO# TOUKa () IBUKETCSI K
Touke 1(u) 110 oTpe3Ky, coejunsonemy o(u) ¢ P(u).

Teneps nocrpouM B mape B C int D¥ konmenrpuaeckue mapsr By C By C By C By
paanycos /5, 2r/5, 3r/5, 4r/5, tae r — paamyc mapa B. KoMnakTHOe MOAMHOKECTBO
V = ¢ }(B) C U cosep:KuTcst B HEKOTOPOM 7n-MepHOM cumiLiekce B R™. Muorokpartho
IPUMEHsA K 9TOMY CHUMILIEKCY OGapUIeHTPUUIECKOe Mo Ipa3dHenne, Mbl MOYKEM BBHIOPATDH B
HEM CHUMILTAIHATBHBINA TOIAKOMIUIEKC K (TPHAHTYJINPOBAHHOE MHOYKECTBO), YAOBIETBOPSI-
forue yeaopusam: V' C K C U u ans moboro cumiuiekca A C K umeem diam ¢(A) < r/5.
[lycte K — oObennHeHUE CUMILIEKCOB TMOCTPOEHHON TPUAHTYIAIIMN MHOMXKecTBa K, (-
obpasnl KoTophix mepecekaiorcst ¢ By. Torma By N @(U) C ¢(K;) C B, tae mocaeanee
BKJIIOUEHHE caeayer u3 roro, 9ro diam p(A) < r/5 maa A C K. Pacemorpum orobpazke-
uue ¢ : K1 — B, coBmajaroliee ¢ p Ha BEPIIUHAX TPUAHTYJISIIAN U JUHEHHOE Ha KaZKIOM
cumiierce. OtobpaxkeHus: @, U ¢’ TOMOTONHBI — OHH COEJAUHSIOTCS TPAMOJIHHERHOM
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romoronuei
. _ o
pr1 Ko = B, po=0¢lK, ¢1=¢.
Tenepb «combéM» oTobpazkenud ¢ u ¢’ B orobpazkenue ¢: U — int D*:

o(u), ecim p(u) ¢ Bs,
Y(u) = ¢'(u), ecin (u) € By,
©3-s5ruy(u), ecam p(u) € By \ By.

Baecwy r(u) — paccroguue ot p(u) 10 nenTpa mapa B. OTobparkenue 1) OMpemeseHo u
HenpepbiBHO jyist Beex u € U (orobparkeHue ¢; OIPEEJEHO TOJIBKO Ha MOJMHOKECTBE
K, C U, no ecnu p(u) € By, 1o u € K;). Ilpu arom ¢ coBnagaer ¢ ¢ na U \ 'V (ecan
ueU\V,10 p(u) ¢ Bs) u p(U)N By = ¢ (K1) N By (ecom p(u) € By \ By, 10 1(u) =
©Y3-sru)(u) ¢ Bi m3-3a yciosust Ha amamerper). Tak kak ¢ JMHEHHO Ha CHMILIEKCAX
tpuanrysanud, ¢ (K) N By npencraBiger coboit KOHETHOE YHCI0 KYCKOB N-IJIOCKOCTEH U
He MOZKET COBIIQJIATh CO BCeM k-MepHbIM mapoM By (k > n). Ilostomy ¢ (U) re mokpsiBaer
Bcero mapa B, a 3Ha4uT U Bcero mapa B. O

Ipennoxkenue 4.12. Jhoboe omobpasicenue S™ — S* npu n < k 2omomonno omobpa-
DHCEHUNW 8 MOYKY.

Joxazameavemeo. TlpuMeHnM TeopeMy 0O KJAETOYHONH anpPOKCHUMAINN K KJIETOIHBIM pa3-
ouenusm cep ¢ aByms Kaetkamu. Ipu n < k kjrerounoe orodpazkeHnue ecTb 0TOOparKeHue
B TOYKY. 0

3amaun U ynpakHeHus.

4.13. Jlokaxkure, 4T0 Jit060€ KOMIIAKTHOE TTOIMHOYKECTBO KJIETOYHOT'O MTPOCTPAHCTBA TPHU-
HaJIJIE2KUT HEKOTOPOMY KOHEYHOMY TOJIITPOCTPAHCTRY.

4.14. JlokazkuTe 3KBUBAJEHTHOCTD CJEAYIONUX CBOUCTB JJId MOJMHOYXKECTBA KJIETOYHOTO
npocrpaHcTsa X:

— moaMHOZKecTBO Y C X 3aMKHYTO (COOTBETCTBEHHO, OTKPBHITO);

— mepecederne Y N X™ 3aMKHYTO (COOTBETCTBEHHO, OTKPBITO) JIJIs JIIOGOTO 1

— mipooGpas @; ' (Y) mpu xapaxkrepucTuaeckoMm otobpakerun P;: DI — X mioboit
KJIETKH €] 3aMKHYT (COOTBETCTBEHHO, OTKPHIT) B DY.

4.15. Jlokaxkurte, 4T0 OTOOpParKEeHHUE KJIETOYHOI'O HMPOCTPAHCTBA B TOILOJOTHMYECKOE MIPO-
CTPAHCTBO HEIPEPBIBHO TOTIA W TOJBKO TOT/IA, KOT/Ia OHO HENPEPHIBHO Ha JI0O0OM OCTOBE.

4.16. [JokaxkuTe, 4TO NI KOHEYHOTO KJETOYHOrO mpocrpancTBa akcuoMbl (C) u (W)
BbIIIOJIHEHDBI aBTOMAaTHYE€CKH.

4.17. [JokazkuTe, 9TO IPOCTPAHCTBO, IMOJYIAEMOE B Pe3yJIbTaTe IPUKJIENBAHNA KJICTKH K
XaycIopdOBOMY HPOCTPAHCTRY, Xayca0pdoBo.

4.18. /lokaxkure, 4T0 O€CKOHEUHBI OyKET OTPE3KOB \/ZO:1 I, HE MeTpu3yeM.

4.19. J/loxazkuTe, 4TO KJIETOYHOE ITPOCTPAHCTBO METPU3YEMO TOT/Ia U TOJHKO TOT/IA, KOT/Ia
OHO JIOKAJIbHO KOHEYHO.

4.20. Beeaure pasbuenue na kjierku dhaxroprupocrpancTsa X /Y KIeTOYHOTO HpocTpaH-
crBa X 1O KJIETOYHOMY HOIIPOCTPAHCTBY Y n jokazxute, 9o X /Y sSBASETCS KIeTOIHBIM
IPOCTPAHCTBOM.
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4.21. Jlokaxkurte, 4TO CTaHAapTHOE pa3buenue Ha KJIETKH mpousBedenus X X Y ¢ To-
nostorueii mpoussesenus ne ynosiaersopsier akcnome (W) B ciayuae X =Y = \/72 I,
(6eckoHEUHBIH GyKeT OTPE3KOB).

4.22. beckoneunomepHnas cdepa S cTarmBaema.
4.23. Jokaxure, uto RP! = Sty CP! = 52,

4.24. OnpegesiuTe KBATEePHUOHHOE NMPOEKTHBHOE IpocTpancTBo HP™ u goKaxKuTe, 9TO
HP! ~ 5

4.25. JTokazaTh, 9TO CBOHCTBO TPOOJIZKEHNST TOMOTOINH He BhIMOJIHEHO st map (I, A),

rie A= (0,1] mwm A={0,1,1/2,1/3,1/4,...}.

4.26. Jlokaxwure, aro ecaun X xaycaopdoso u X x 0U A X [ apsiercs peTpakToM Mpo-
crpauctBa X X I, to A 3amkuyTo B X.

4.27. ®akropupocrpancrso S?/S% romoronnyeckn sksuBasentno oykery StV S2.

4.28. Jlokaxkure, ato ecau napa (X, A) yIOBIeTBOPsieT CBOWCTBY MPOJOIZKEHUS TOMOTO-
nuu 1 BiIoKeHne A < X TOMOTOIIHO OTOOPaKeHHIO B TOUYKY, TO MMEETCS TOMOTOMNIECKAs
skBuBasieHTHOCTH X /A ~ X V Y A.

4.29. Cummempuueckum Kkeadpamom TpocTpaHcTBa X Ha3biBaeTCs (HaKTOPIPOCTPAH-
ctBo (X X X)/~ mo ornommenuo sxkBuBagenTHoct (x,y) ~ (y,x). Jokaxkure, 910 cum-
MEeTpHICCKHUil KBajapaT okpyxKuocTn S romeomopden waucmy Mébuyca (oanocToponneii
HIOBEPXHOCTH, HOJLY4IaeMOA CKIEAKOA 0HO 1apbl IPOTUBOIIOJIOXKHBIX CTOPOH KBaApara ¢
obparmennem opuenTanuu, T.e. 12/~ tne (t,0) ~ (1 —¢,1).)

4.30. JlokazkuTe, 4TO CHMMeTpHUYecKuil KBaJpaT AByMepHOH cdepbl S? romeomopden
KOMILJICKCHON HPOEKTUBHON ILJIOCKOCTH CP2.

4.31. PaccmoTpuM KJaeTodHoe pazbuenne oKpy:KHocTH St ¢ 1ByMs KJIeTKaMu. Y 0euTech,
qTo auaronanbuoe orobpazkenme A: ST — ST x S ¢ (¢,1), He gaBIgETCA KICTOUHBIM.
[TocTpoiiTe IBHO €ro KJI€TOYHYIO AlIPOKCHMAINIO.

5. OYHIAMEHTAJ/IBHAST TPYIIIIA

Onpenesienne U OCHOBHBIE cBoiicTBa. HamomHuM, 9T0 HeTnéli B TOYKe I HPO-
crpancrBe X HasbiBaercss orobpaxkenune (myTch) ¢: [ — X, t — (t), a1sg KOTOPOro
©(0) = ¢(1) = x¢. lletmn ¢ u ¢’ HazbIBatOTCH 20MOomonnbLmu (0Bo3HAUEHHE: P ~ ), ec-
JIU CYIIECTBYET Takas roMoronus @s: I — X, 910 pg = ¢, p1 = ¢’ 1 ¢4(0) = ps(1) = xg
upu 0 < s < 1. Ilpoussederue pih nerenb ¢ u 1) — 310 neris x, y koropoit x(t) = ¢(2t)
mpn 0 < ¢ < 5 1 x(t) = (2t — 1) npu 5 <t < 1. Jpyrumm cioBavu, npoussejeHne
JIBYX TI€TETh — 9TO TETJIsA, COCTABJCHHASA U3 JIBYX METEIb, KOTOPHIE MPOXOIATCH TOCTET0-
BATEJIBHO (C YABOCHHON CKOPOCTHIO).

IIpennoxenue 5.1. Ipoussedenue nemeasv (6 mouxe xoy) obaadaem ceolicmeamu:
a) ecau @ ~ @ utp ~ 1, mo g~ QY
6) (pY)x ~ @(1x) das aobvx nemessv p, Y, X,
B) ecau € — nocmoannas nemas, m.e. €(t) = xo npu 0 <t < 1, mo pe ~ ep ~ ¢
a5 210001 nemau @,
r) das nemau @ onpedesum nemaro @ kak p(t) = o(1 —t); moeda P ~ P ~ €.
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Jlokasamenvemso. TIposepum croiicTBo a). [lycthb @5 — roMoTomnust MexIy ¢ u @', a s —
romoronust Mexy ¢ u . Torga romoromust xs Mexay X = @ u X' = @i 3anaércs

dopmy.ioii

I[Iposepum cBoiictBo 6). Ilycrs £ = (oi)x u & = p(¢x), T. e
©(4t) npn 0 <t < 1, ©(2t) mpu 0 <t < 3,
) =@t —1) mpni<t<d, @)= y@t—2) mpni<t<y
x(2t—1) mpm i <t<1, x(4t—3) mpm 3 <t <1
Torma romoronust & (0 < s < 1) mexay & u & 3amaércs popmysioi
o(75) npn 0 < ¢ < 12
E(t) = vt —1—s) mpm = <t <22
X(F555) mpm B <<
(em. puc. 2).
9
1 2 v X
1ts/ 24
4/ 4/
0 ¢ P X 1 7

Puc. 2.

[TpoBepum cBoiicTBo B). ToMoTonms MeXKy we u @ 3agaérces GopMy.Ioii

2t s+1
ol opu 0 <t < ==,
fs(t) — { (1+ ) 2

e(t)=z0 mpm <<

[IpoBepum cBoiicTBO T). [oMoTOmusT MEXKIY X = ¢P U € 3a1aércs hopMyJIoit
(1) = e(2t(1 - s)) npn 0 <t < 3,
T (20 -1 —s) wpn <<l

JpyruMm cioBaMu, B MOMEHT § FOMOTOIMH MBI IIPOXOJHM IO IIETJIC ( OT To 0 TOYKH
©(1 — s), a 3aTeM MPOXOIUM IO Hell 0OPATHO 0 Xo. O

Mpr 6ynem obo3nadaTh depes3 [p| Kaace SKBUBAIEHTOCTH METJIH © OTHOCHTEJbHO TO-
MOTOIINM IIE€TEJIb. I/I3 IpeaIozKeHund 51 ciaeayer, 4To0 MHOXKeCTBO KJIaCCOB T'OMOTOIIHBIX
neresib B TOUKe Tg € X 00pasyer IpyIiy OTHOCHTEALHO mpousseaenus [¢|[v] = [p], ¢
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eunuTel [¢] 1 obpaTHbIM memenToM [¢] ™! = [@]. Dra rpynna obosnavaerca m (X, o) u

HazbIBaeTC Pyndamenmanvroli epynnoti npocrpancTsa X ¢ OTMEYEHHOI TOYKOH Ty,
Ckazkem, 94T0 ToMoTomus ¢, orobpaxkenus ¢: (X, xg) — (Y, yo) OpocTpancTs ¢ oTMme-
YEHHBIMU TOYKAMEU COTLPAHACT, OMMeEYeHHbe Mouwku, ecu @g(xo) = yo mpu 0 < s < 1.

IIpennoxxenne 5.2.

a) Omobpasicenue f: X — Y, makoe, wmo f(xg) = yo, undyyupyem 2omomoppusm
epynn fo: (X, 20) = m (Y, y0).

6) Toorcdecmeennoe omobpascenue id: X — X undyyupyem moostcdecmsennuiii 20-
MOMOPPUIM GYHOGMERTNAALHDLT 2PYNN, 0 KOMNO3UUUA 20Mmomopdusmos f: X —
Yug:Y = Z, f(xo) = vo, [(Y0) = 20, undyyupyem KomMnosuyuio 20Momoppus-
M08 Ppyndamermarvros epynn, m.e. (fg)s = fugs: m (X, xo) = m1(Z, 20).

B) Ecau omobpascenus f,g: (X, z0) = (Y, y0) comomonno, ¢ corpanenuem ommene-
HOLT MOYeK, Mo 20MOMOPPUIMBL f, U gy cosnadarom.

Jlokasameavemso. a) Oupenenum orobpazkenue f,, mnepepojsiiee nemio ¢: I — X B
nertto fow: [ — Y. Eciu neriu ¢ u ¢’ TOMOTONHBL TIpH TOMOIIY roMoTonus F: [ X [ —
X, roneriu fop u foy romoronHs npu nomoryu romororun f o F. IToaTomy MbI umMeeM

fe(lell¥]) = fu[pv]) = [f o (@)l = [(f o 0)(f o ¥0)] = [f o ©][f o W] = fill]) S ([¥)]),
a 3HauuT f, 3amaér romomopdusm rpymn m (X, o) = w1 (Y, yo).

6) (fg9):lw] = [fogoy] = figo¢] = fig.le]

B) [Tycte G: X X1 — Y — romoromnust Mexkay f 1 g, COXpaHSIONIAsT OTMeYeHHbIe TOIKH,
T.e. G(xg,s) = yo mpu 0 < s < 1. Torma, amns awboit meran ¢: I — X, nertau fop n
g © ¢ TOMOTOIHBL: romMoTonus 3ajgaércst dopmyaoit H: I x I — Y, H(t,s) = G(p(t), s).
Caenosarennno, f.lp] = [fop] =[g0¢] = g.[p] 1 f. = g.. O

3aBHUCHMOCTh OT OTMEUYEHHOI TOYKMN.

Teopema 5.3. Ecau npocmpancmeo X aunetino ceasno, mo m (X, xg) = w1 (X, x1) (uso-
Mopdnn) das a0buxr movex ro, x1 € X.

Hoxazamenvemso. Ilycrs a: I — X — nyTb u3 29 B 21, T.e. (0) = zp u al) = z1. dna
KasK/I0l ETVIN B TOUKE T MBI HOJOKIM b, () = (Ap)a. 3mech & — «0OpaTHBLTY Ty Th,
a(t) = a(l —t), a yMHOXKeHHe TyTeil Olpee/sieTcsl TaK Ke, KAK U YMHOYKEeHHE MeTeb,
I[P YCJIOBHH, 9TO BTOPOH IIyTh HAUMHAETCS TaM, Iye KOH4YaeTcs mepsblit. Torma b, (¢) —
T/ B TOUKE Tp, IPUIEM €€ TOMOTOMHIECKNH K/IACC 3aBHCHT TOJBKO OT TOMOTOIMHIECKIX
KJIACCOB METVIN ¢ U MyTH « (e B HOCJTeTHEM CIydae II0JpasyMeBaloTCsl TOMOTONUH C
3aKpeIUIEHHbIME KoHmamu). [TomyTaeM oTobpakenne «3aMeHbl OTMEICHHO TOUKM»

bo: ™ (X, 20) = T (X, 21),

KOTOPO€ 3aBHCHT TOJIBKO OT TOMOTOIIMYIECKOrO KJIacca IMyTH (.
Orobpazkenue b, dBIgeTCI TOMOMOPGMHU3IMOM, TaK KaK

ba([p]) = [apya] = [apaaipa] = [apal[@pal = ba([#])ba([¥])-

Kpowme toro, dopmyna b1 ([x]) = [axa] sanaér obparnbiii romomopdusm, Tak 4To b, —
n30MOphU3M. [
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Nzomopdusm b, 3aBucHT OT TOMOTOMUYIECKOTO KjIacca myTn «. Kciaun f — apyroii myTh
u3 Ty B Ty, TO Y = @f — MeT/s B TOYKE T1, U Mbl IMeeM

bs(le]) = [Bf) = [Baapaaf] = [Ba][apalfas] = [v] " ba([¢)]-
B gacraoctH, econ dpyHmaMeHTaIbHAS IPYIIIA KOMMYTaTUBHA, TO H30MOPQU3M b, BOOO-
e He 3aBUCUT OT . B 9TOM ciiydae MBI MOKeM T'OBOPHTL O DYHIAMEHTAJILHON I'pyIlne,
He (pUKCUpPys oTMedeHHON Touku. B obIem ciydae o (pyHIaMeHTaIbHONR TPYIIIe JUHEHHO
CBSI3HOT'O MPOCTPAHCTBA H6€3 OTMeUeHHON TOUKH MOYKHO TOBOPUTH TOJIHKO KaK 00 abCTpaKT-
HO¥i rpymie (T.e. MOXKHO CKa3aTb, YTO OHA, HAIPUMED, KOHEYHA WJIM HUJILIOTEHTHA, HO
HeJIb3s1 (PUKCHPOBATH B HEll ONpe IeIEHHbII aﬂeMeHT).

Ilpennoxxenue 5.4. Fcau f: X — Y — comomonuveckas 9K6UBAAECHMHOCD, MO
for m(X,xo) = m (Y, f(z0)) Asagemea usomoppusmom das #1060t mouru xo € X.

JHoxasamenvcmeso. Paccmorpum orobpakernns f: X — Y u g: Y — X, makwe, uro
KOMIIO3UIH ¢ © f u f 0 g TOMOTOIHBI TOXKJAECTBeHHBIM OToOpaxkeHusm idy: X — X
nidy: Y — Y, coorBercTBenno. Eciau ObI 3TH TOMOTONNN COXPAHAIN OTMEUYEHHBIE TOUKH,
TO COTJIACHO TIPE/IJIOZKEHUIO 5.2 MBI OBl MOMYIHIN gy f+ = id U f.g, = id — TOXKTecTBeHHBIE
U30MOPMU3MBI, OTKYAa OBl CJIeI0BaI0, 9TO f, — H30MOPdU3M.

B obmem caydae romoromus F': X x I — X mexay id u gf MoxKeT He COXPaHSTDH
OTMEUeHHYI0 TOUKY. Pacemorpum myTh aft) = F(xg,t), KOTOPBI# TPOXOAUT OTMEUCHHAST
To4YKa T npu roit romoronuu. Torga a(0) = zo n a(l) = g(f(xg)). Jlerko Bumers, 4To
Gufsx = bo: m(X,20) = m(X,9f(x0)) — u30oMOpdu3M, HOCTPOEHHBIH TPH JTOKA3ATETH-
crBe mpemoxenus 5.2. Orciona caeayer, aro fi.: m (X, z0) — m (Y, f(xy)) nnbexrusno
Jtst Jii000it Toukn 2o € X (a gi CIOPHEKTHBHO). AHAJOIMYHO PACCMATPUBAST TOMOTOIHIO
mexkty id u fg moayanm, 9to f.g.: (Y, y0) — m(Y, fg(vo)) — m3omopdusm. Orcrona
noJIydaeM, 9To f, CIOPBHEKTHBHO, a 3HAYUT f, — H30MOPQU3M. O

IIpengyoxxenune 5.5. m (R") = m(D") = {1} npun >0 um (S™) = {1} npun > 2.

Hoxasamenvcmso. TpusnanbHOCTh DyHAAMEHTATBHOM rpynnsl Jad R™ u D" cienyer u3
TOTO, 9TO KazKJ0€ U3 STUX MPOCTPAHCTB CTATHBAEMO (TOMOTONMIECKH YKBUBAJICHTHO TOY-
ke). TpuBnaibHOCTh (DyHAAMEHTATBHON Ipynmbl cepbl S™ Npu n > 2 BBITEKAET U3
TeOpeMbl 0 KJIeTouHOi amnpokcumanuu (Teopema 4.10). [delicTBUTEIBHO, JI00as METIIs
p: I — 5" ¢(0) = p(1) = sp, paccMmarpuBaemasi Kak 0TOOPA’KEHHE KJIETOYHbBIX IIPO-
CTPAHCTB, FTOMOTOIHA KJAETOYHOMY OTOOparkeHuto. Fcim Ha orpe3ke I BBeCTH CTaHIAPT-
HYI0 KJETOYHYIO CTPYKTYPY, a Ha S” — KJETOUHYIO CTPYKTYPY C JABYMs KJIETKaMH S
u S\ {so}, T0 enuHCTBEHHBIM KJI€TOYHBIM OTOOpazkeHuem [ — S™ mpu n > 2 Gyzxer
oToOpakeHue B TOUKY Sg, T. €. MOCTOAHHAS IIETI. (]

dyHaaMeHTaIbHAsS TPYNNIa OKPY>KHOCTH.
Teopema 5.6. I'pynna m(S*) usomopdna epynne Z ueavis wucen.

Zoxazamenvemeo. Joka3aTeabCcTBO HCIOJIB3YET MOCTPOEHUE <«YHUBEPCAJBHOTO HAKPBI-
THS» HAJl OKPYKHOCTBIO; 3TOT MeTOJ, OyJIeT pa3BUT U O0OOOIIEH B CJICAYIONIEM pasjelie.
Pacemorpum orobpaxkenme f: R — St — (cost,sint). PaccmaTpupas mpoobpassl,
MBI MOYKEM OTOXKIECTBJISITH TOUKH OKPY:KHOCTH C BEIIECTBEHHBIME UHCJIAMU, OIpPeIeaéH-
HBIMU C TOYHOCTBIO 10 ¢cj1araembix Buja 27k, k € Z. OrmedeHHON TOIKOM OKPYKHOCTH MbI
Oymem cuntarh t = (. Takum o6paszom, merao ¢: I — S' MOXKHO cUmTATH MHOTO3HAUHOL
dyuxnmeit Ha orpe3ke [, 3HaAUEHWE KOTOPOH B KAZKJOH TOUKE OMPENEEHO C TOYHOCTHIO
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JIO cjaraemMoro 27k u 3HayeHueM KOTOpoi# B Toukax (0 m 1 CJyKUT CaMO MHOYKECTBO UH-
cen Buga 2wk. Y 9T0#f MHOrO3HAUHON (DYHKIMHU CYIIECTBYeT HENPEPhIBHASI OJHO3HATHAS
BeTBb — HelpepbiBHAS (DYHKINA HA OTpe3Ke [, 3HaUeHHne KOTOPOil B KaK/0il TOUKe IpPU-
HAa/IJIeZKUT MHOYKECTBY 3HAUEHUIT MHOrO3Ha4HOH (byHKIUU ¢ B 9TOH Touke. Takasd omHO-
3HavHast QYHKIUS @ OyJeT OIpejiesieHa eJIMHCTBEHHBIM 00Pa30M, eC/TH HAJIOKUTD YCJIOBHE
$(0) = 0. [lns1 €8 moCTPOCHUS MBI BBIGEPEM TAKOE N, 9TO TpH [t — bo| < L roukm ¢(t:)
u p(ty) He IMAMETPAIBHO HPOTHBOMOTIOKHBI (HYZKHO PACCMOTPETH OTKPBITOE MOKPHITHE
oTpeska I, cocTosIee U3 BCEBO3MOKHBIX MHOKeCTB Buja ¢ (A), rme A — oTkpbITast mo-
JIyOKPYZKHOCTD, H BBLICJATD KOHEeuHoe noanokpsrrue). [lomoxus $(0) = 0, mpn 0 < ¢ < &
MBI Gepém B KadecTBe (1) To U3 3HaUeHUil DYHKIMH ¢ B TOYKe ¢, KOTOPOe OTINIAETCs OT
0 menbine, vem Ha 7. [lasee, mpu % <t < % MbI GepéM B KadecTBe p(t) TO U3 3HAYEHUI
byHKINT ¢ B TOUKe ¢, KOTOpOe OTIHIaeTest oT §(+) Menbme, dem Ha 7. U Tax gasee.

[To nocrpoennto, f(p(t)) = ¢(t); B wacrnocru, (1) = 27k ans wHekoroporo k € Z.
Kpowme Toro, Besikast wenpepsiBnast dyuknus x: I — R, takas, aro x(1) = 27k, umeer
BUJI ¢ JJIsT HEKOTOPOH MmeTin ¢, a uMeHHo, ais neran p(t) = f(x(t)).

Teneps moctponm orobpaxenue g: m(S') — Z, nonoxus g([¢]) = $(1)/2r. Yro-
Obl yOeauThesd, 4T0 ¢ — HU30MOPGU3M I'DYIII, 3aMeTUM cJjejyioniee. Bo-1epBbIxX, YuC/I0
©(1)/27 me MensieTcss mpH OMOTOIHH, IIOCKOIBKY 00JACTh BO3MOMKHBIX 3HadeHuil p(1)
guckperna. Takum obpaszoM, nciao ¢(1)/27 3aBECHT TOIBLKO 0T TOMOTOIXIECKOTO KIACCA
[¢] m oToGparkeHune g onpeeIeHO0 KOPPEKTHO. BO-BTOPBIX, 0TOOpaykeHne g ClopheKTHBHO,
T.€. J1000€e 1ucsno k € Z nexur B ero odpase. [leficTBUTENIbHO, TOCTATOMHO B34Th ¢ = Uy,
riae Yy (t) = 2mkt. B-tperbux, eciu @1(1) = @o(1), TO ¢1 ~ g, & MOTOMY HOTOMY ¢
nHbeKTUBHO. leiicTBuTenibHo, dbyHKIM ©1(t) U Po(t) roMoTonHbl B KIacce GyHKIHUiL ¢
3aanHbiMu 3HadeHusiMu B 0 u 1 (ecau (1) = 2wk, 10 @ ~ 1)y; roMoTomnus 3a1aéTcs Gop-
mynoit s (t) = (1—s)p(t)+ s2mkt). Hakoner, B-4eTBEPTHIX, ¢ ABIAETCS TOMOMOPMDUIMOM,

tak Kak ¢([p]) = g([¢k]) anst HekoTOpOTO K\ & 1)1l ~ g4y, TAK KAK M(l) = @Hl(l). O

IIpeanoxenue 5.7. Oxpysicnocms ST C D? ne asasemea pemparmom ducka D2,

Joxasamenvemeo. domyerum, cymecrsyer perpaxkuua r: D? — S!. re. xoMmmosumnus
) r
St — D? — S! ectb TOKAECTBEnHOE OTOOpaKenue. Torna, COIACHO IIPeIOKEHHIO 5.2,

kommozuius 1 (S1) 5 mp(D?) L5 71 (S) ecrb rowecTBenublit nuzomopduzm. Ho 310
HEBO3MOXKHO, Tak Kak 71(St) = Z, a m(D?) = {1}. O

B kawecTBe ceACTBUSA MBI TOJIy4aeM KJIACCHIECKUN PE3Y/IbTAT, JOKA3ATEIbCTBO KOTO-
poro OBLJIO OJHUM K3 MEPBBLIX TPUYMQOB aaredpandecKkoil TOIOTOTHH.

Teopema 5.8 (Bpaysp). JTiwboe nenpepuisnoe omobpascenue f: D? — D? umeem neno-
deustcnyto mouky, m. e. mowky x, das komopod f(xr) = x.

Hoxasamenvemeo. Tlpeanonoxum, aro f(r) # x ana seex z € D?. Torga
MOZKHO OTIpeIeIuTh oTobpazkenue 7: D? — S B3as B kadecTse r(x) TOUKy
okpyzxuocTH S, B KoTOpoii J1y4, naymuii u3 Touku f(r) B TOUKY T, mepe-
cexaer juck D?. Tlpu srom, ouesuiano, r(r) = x, eciu © € S', re. r — @
pPeTpaKIus. JTO MPOTHBOPEUUT MPETOKEHUIO D.7. U

QynaamMmenTaabHas I'PYIIa OKPYZAKHOCTH UCIOJIbL3YETCHd B CJIEIYIONIEM TOIOI0THIECKOM
JIOKa3aTeJIbCTBE «OCHOBHON TeOPEMBI AJITe0PHIs.
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Teopema 5.9. Jlob60t Henocmoarnwvlli muo2ounen ¢ kospduyuenmamu ¢ C umeem xom-
NAEKCHBLT KOPEHD.

Joxasameavcmeo. MoxkHO cuutarh, uyTo MHOroujieH nMeer Bu p(z) = 2" + a, 12" 1 +
...+ ap. Ecu p(z) He umeer kopreit 8 C, To /1711 Kazk1oro BerectBeHHoro r 2> 0 dopmyna

_ plrem ) fplr)
@) )= Jotre) (o)

3a/146T MeTI0 Ha eIuHUIHON okpyxkHoctn S' C C ¢ HawasoM u KOHIOM B TOUKe 1.
[Ipn U3MEHEHUH 7" HOJTyYaeM FOMOTOIHIO MeTeNb ¢ HAYaJOM ¥ KOHIOM B Touke 1. Ilerss
fo TpuBnanbua, mostomy [f,] = [fo] = 0 B m(S') mna seex r. Temepn BoIGEpeM 1 >
max{|a,—1| + ...+ |ao|,1}. Torma npu |z| = r noaygaem

12" = 7" =7 1" > (|an_1] + ...+ |ao))]2" 7 > |an_12" L+ ag.

Orciofa cieyer, uro Muorownen py(z) = 2" + t(a, 12" ' + ... + ag) He umeer KopHeii
Ha OKpyzKHOCTH |2| = r, ecnin 0 < t < 1. Bamenus p Ha p; B dopmyste (3), MBI MTOTYIUM
dbyuknuo f,(s,t). llpn uamenenuu ¢ ot 1 10 0 9ra QyHKIUA 320267 TOMOTONHIO TN
1+(s) = fu(s,1) B nermo f,(s,0) = 1,(s) = €™, koropag npejacrapasger coboil n-1o
crenens obpasytomeit rpynmst m(S') = Z. Tak kak [¢,] = [f,] = 0, Mb noayuaem n = 0.
TakuMm oOpa3oM, eIMHCTBEHHbIe MHOTOUIeHBI 6e3 KopHeit B C — 3T0 KOHCTAHTHI. 0

3amaun u ynpakHeHus.

5.10. Hdokazxkure, uTo ecau orobpazkenud f, f': X — Y rOMOTOIHBI IIOCPEICTBOM TOMOTO-
i F: X x [ — Y, to uapyuuposanubie romomopdusmbt fi: m (X, xg) — m (Y, f(x0))
u fl:m(X,20) = m (Y, f'(z0)) ynoBaerBopsitor coorHomenuto f, = by fe, tae at) =
F(xo,t) — myts u3 f(zo) B f'(0).

5.11. Ecan X u Y smueitno cssubr, 10 m (X X Y) 2 m(X) x m(Y).
5.12. Jlokaxkure, uro ecam X C R™ — Boimyksoe MmaozKecTBO, T0 7 (X) = 0.
5.13. Jlokaxkure, 9r0 ecam X — JUCKPETHOE MPOCTPaHCTBO, TO (X ) = 0.

5.14. JJokaxkuTe, uTo mpocTpancTso R? me romeomopduo R” mpu n # 2.

5.15. JlokakuTe, JitoDOe HENPepbIBHOE OTOOparkeHne MpocTpaHcTBa Y (Tpu oTpeska ¢
OTOXKIECTBIEHHBIM HAYAJIOM) B ¢e0sl HMEET HEMOIBUKHYIO TOUKY.

5.16. Tonoaozuveckot epynnoti Ha3blBaeTCa IPOCTPaHCTBO (G ¢ 3aIaHHON HA HEM CTPYK-
TYpOI I'PYIIIBL, s KOTOpOil oTobGpazkenust ymuHoxkenus G x G — G, (g,h) — gh, u
B3aTHA obparHoro G — G, g — ¢!, apadrorca HenpepblBHBIME. JloKazKkuTe, 4To dyHIa-
MeHTaabHas rpynna mp(G) TOmoIornueckoi Tpymnns abenesa.

6. TEOPEMA BAH KAMIIEHA

Teopema Ban Kammena mo3BosisieT BHIYUCIATH (DYHIAMEHTAJBHYIO TPYIIY MPOCTPAaH-
CTBa, IIpeaCTaBJI€eHHOI'O B BUJ/IC O6T>€,ZLI/IH€HI/IH CBOUX IMOJMHOZKECTB, I10 beH,ZLaMeHTa.HbHBIM
I'pynnaM 3TUX IIOAMHOZKECTB.

Ham nonaoburcsa anrebpanydeckoe NOHATHE CBOOOTHOTO MPOU3BEICHUS TPYIII.



33

CBob6omHOe mpou3BeneHme rpymi. llycTh jgaH KOHEYHBIH miu OECKOHEYHbIN HabOp
rpynn {G,}. Ceobodnoe npoussedenue *,G,, (€Cau TPYII KOHETHOE YHCJIO, TO HCIIOIB3Y-
ercs obosHauenue G1*xGox*. . .%Gy) COCTOUT U3 BCEX KOHEUHBIX CJIOB (103 - - - §pn TPOU3BOJTH-
moit aymmast m > 0, tae g; € G, g; # €, IpudIéM cocene OYKBBL g; U ¢ 41 JEXKAT B PA3HBIX
Ipynmnax, T.e. «; # ;1. CJI0Ba, yIOBIETBOPSIOIIAE ITHM YCJIOBUAM, HA3BIBAIOTCS NPUGE-
0EHHBLMU;, HEIPUBEIEHHOE CJIOBO BCETIA MOYKHO IIPeodpa3oBaTh B IPUBEIEHHOE, 3aMEHUB
cocemume GYKBBI, KOTOPBIE JIEZKAT B OJIHOI 1 Toli ke rpymme G,,, Ha ux nponssejenne B G,
u yjaaauB TpuBuasibHbie OyKBbI. CJI0BY pasperniaercs: ObITh MyCTHIM; IyCTOE CJIOBO OyeT
equHuIneil B rpymme *,G,. YMHOKeHHEe B rpynmne *,(G, — 3TO IPHUCTABJICHNE, T. €. 3aMNCh
onHOrO catoBa 3a ApyruM: (g1 ... gm)(h1. . hy) = g1... gmh1 ... hy, € TOCTEAYIONAM TIPE-
o6pazoBameM B TPHUBEIEHHOE ¢10B0. HampumMep, B mpousseaenud (g1 . .. gm) (gt ... g7 )
BCE COKPAIAETCS, U MbI HOJYIAeM €IUHUIY I'PYIIbL *,(y, T.€. IMyCTOe CJIOBO. DTO Ja-
€T cymecrsoBaHue OOPATHOIO 3JIEMEHTA s JII000ro ¢jaoBa. HerpupumanabHoll aBasgeTcs
MPOBEPKA aCCOIMUATUBHOCTU YMHOKEHUS B %, .

JIlemma 6.1. Onpedenéhnran sviue ONepayus YMHOMCEHUA NPUBELIEHHBIT CA06 (NPUCTAG-
AEHUE € NOCAEOYOULUM NPUBLICHUEM) ACCOUUAMUBHA.

Hoxasamenvcmeso. Ilyets W — MHOXKeCTBO IPUBEIEHHBIX CJIOB (1 . . . §py, BKJIIOYAS IIYCTOE
cnoso. Kazknomy snementy g € G, conoctaBuM orobpazkenue L,: W — W, 3anaBaemoe
yMHOXKeHHeM ¢aeBa, Ly(g1 ... gm) = g1 - - . Gm, ¢ HOCTEAYIOMUM HpuBegenueM. [Ipu sTom
Mel umeeM Lgy = L,Ly ans miobsix g,9 € Ga, 1€ (9 (g1---9m)) = (99')(91-- - gm);
3TO cJlejlyeT W3 acconmaTuBHOCTH yMHOXKeHus B Go. V3 dopmymst Ly = LyLy BBITE-
KaeT, 4To orobpazkenue L, obparumo, ¢ obdpaTHbiM orobpazkenuem Lg-1. ITosromy co-
nocrasiresne g — L, 3amaér romomopdusm rpymnsl G, B rpymay P(W) Bcex mepe-
cranoBok MHOkectBa W. Temepn ompegenum orobpazkenue L: W — P(W) dopmy-
aoit L(g1...9m) = Ly, ...Lg,. Orobpaxenue L MHBEKTHBHO, TaK KakK II€PeCTAHOBKA
L(g1 ... gm) OTOOpAYKAET MYCTOE CJIOBO B g1 . . . §py ¥ TIOITOMY HE SIBIISIETCS TOKICCTBEHHOM,
€CJIH CaMO CJIOBO g1 . . . G, HE "BjseTcs mycToiM. Ouepanust ymuozxkenusi 8 W npu orobpa-
xkenuu L nepexogut B kKommosuuuio B P(W), tak kak Lyy = L,L,. Tak kak KoMmo3umnus
[ePEeCTAaHOBOK aCCONMATHBHA, MBI II0/Iy4aeM, 4YTO yMHOKeHue B W accomuaTuBHO. [

Kaxknas rpynmna G, 0TOXKIECTBISIETCS C HOAIPYIIOi ¢cBOOOIHOTO MPOU3BETeHHU * oG o,
COCTOMAIIEH U3 IMyCTOrO CJI0BA U OMHOOYKBEHHBIX CJIOB ¢ € G,.

JIio60it mabop romoMopdusMoB @, : G, — H eIuHCTBEHHBIM 00PA30M IIPOIOJIZKAET-
¢ 10 romomopdusma ¢: *, G, — H. A umenno, 3Hadenue oToOpaykKeHUs @ Ha CJIOBE
g1 Gm, TI€ i € Go,, PABHO Vu, (91) - . . Pa, (9n). Takum 06pazom, cBoGOAHOE TPOU3BEIE-
HUE SABJISETCH KONpoudsedenuem B KATETOPUN I'PYIIIL.

Hampumep, Bratouenns G — G x H u H — G X H naaymupytor suumopcduzm G+ H —
G x H.

ITpumep 6.2. Eciau kaxxgag u3 rpyun (G, ecTb OecKOHeYHAs IUKINYECKasd Tpynna Z
(rpymma mesibix 4ucest), To cBOOOJHOE TpOu3BejieHne *,(G, Ha3bIBaeTCst c60000n0T 2pyn-
not. DaeMeHTaMu CBOOOIHON I'PYIIIBI ABIAIOTCS CJI0BA BUA ay'as® . ..alm, rie a; € G, =
7. — obpazyromas, n; # 0 — menable ducaa U ; # Qi st goboro i. Habop {aq},
B KOTOPBII BXOAWUT 1O OMHOU obOpasyioreil a, Kaxkmoi u3 rpynn G, = 7, Ha3bIBaeTCS
basucom CBOOOIHON IPYIIIbBI, a YUCJIO0 JIEMEHTOB 6a3mca HA3bIBACTCA pPaH20M CBOOOIHON
rpynmbl. [pu srom 6a3uc cBOOOIHON TPYIIIBI ONPEAEIEH HEOHO3ZHAYHO, H TOT (PaKT, IYTO

Bce 0a3UCHI MMEIOT OJMHAKOBYIO MOIIHOCTb, HYXKJA€TCA B JOKa3aTe/JIbCTBE, KOTOPOE€ MBI



34

31ech He npuBoanM. CBOOOIHAS Tpyla KOHEYHOTO paHra k Oymer obo3Hadarhes Fj wam
F(ay,...,a), ecnn HeoOXOAMMO SIBHO yKasaTh obpasyiworne. 3amernwm, uro ) = Z, a
rpynna Fy neabesena.

Besikyto rpynmy G MOXKHO MOJTY9UTh Kak (haKTOPTpynmny ¢BoOO HOMN rpynsl. s 3To-
r0 HaJ0 BBHIOpATh Habop obpasyrowuxr rpynnbl G, T.e. Takoi HaOOP JIEMEHTOB ¢;, © € I,
ITO JII000M Ipyroii ssieMeHT g € G IpeCTaBIsSeTCd B BHe IIPOU3BEIeHUs JJIEMEHTOB ¢; 1
g; ! (mampnvep, B KagecTBe Habopa 06Pa3yIONTHX MOKHO B3ATh BCe 3JIeMeHTH rpymms G).
Torma mbr umeeM smuMopdusm f: F' — G u3 cBoboaHOI Tpynibl F' ¢ MHOXKECTBOM 0Opa-
gytomux I B (G, nepeBoAdIIuil i-10 00pa3yIomyio a; rpynmnsl F' B g;. Zlapo romomopduzma
SABJISIETCST HOpMATbHOM moarpynmoit H C F; mbr mveem G = F'/H. Huke MBI OKazKeM,
qT0 J1100ad NOATrpyIna cBoboaHOl rpynsl aBiagerca csoboanoit. Habop obpasyiomux h;,
7 € J, rpyunsl H Ha3pIBaeTCSI COOMHOUWEHUAMY MeZK Ty obpasyoommmMu g;. [Ipu romomop-
dbusme f smemenTsl h; TepexondaT B NPOU3BEIEHUS 3JIEMEHTOB (i, §; ! koropeie pasabI 1
B rpymme G. HacTo ucnoap3yoT 3amnch

G={(gi,i€l|hjjel),

KOTOpas o3HadaeT, 4To rpynna G sadana obpasyrouumu g; u coomuowenuimu h;, T.e.
IpeJcTaBAeHa B BUAe (DAKTOPIPYIIILI CBOOOTHON IPYIIILI ¢ 0OPa3yIOIIUMHU ¢; IO €€ HOp-
MaJIbHOH TOATPYIIE, TOPOKJIAEHHON jIeMEeHTaMMI hj.

Ecan G npousBonbHas rpymnmna u ¢;, ¢ € I, — HabOp €€ 3jeMeHTOB, TO dakmopepynnoti
epynnot G no coomnouwenuam g; = 1 HazpiBaeTcsa gpaxkToprpynna rpymnibl G 10 HOPMaJTb-
HOII TTOJrpynIe, TOPOXKIAEHHON deMeHTaMu g;, © € 1.

Abesenusayuet rpynnbl G HasbiBaeTca bakToprpymnna rpyunbl G 0 BCEBO3MOXKHBIM
coornomtenuaM ghg 'h™ = 1, g,h € G, 1.e. daxToprpyina 10 HOpMaJbHOH IIOJIrPYI-
1€, MOPOXKAEHHON BCEBO3MOKHBIMU Kommymamopamu (g, h] = ghg *h™ g, h € G. Ora
MOJrPYIIIA HA3BIBACTCSA KomMymarnmom rpynnbl G u obosuavaercsa [G, G| win G'. Abe-
JIeHu3aIus cBOOOAHON rpyunbl F' = *,7Z — 310 cBOOO Has abeeBa rpyiia B,7Z, bazucom
KOTOPOI CJYXKUT TO YK€ CaMOe MHOYKECTBO 00pa3yIoIux.

DopmyupoOBKa W A0KA3aTEJIbCTBO Teopembl. llycTh mpocTpancTtBo X mpejicTaB-
JIEHO B BUJE OObeIWHEHHs JIMHEHHO CBA3HBIX OTKPBITBIX MOAMHOXKECTB A,, Kaxkmoe u3
KOTOPBIX COAEPZKUT OTMeUeHHYI0 TOUKy To € X. [omomopdusmbl i, : m(A,) — m1(X),
UH/IYIUPOBAHHbBIE BKJIIOYEHUSAME, TTPOJIOIZKAIOTCS JI0 TOMOMOPGU3Ma

O ok, m(An) — m(X).

Ecan
iap: (Ao N Ag) = m1(As)
— romomMopdu3M, HHAYIUPOBaHHBIN BKIodeHneM A, N Ag — A,, TO i4iag = 18184, TAK

Kak 00€ 9TH KOMIIO3HIMI HHYIHPOBaHbl BKiaodennem A, N Az — X. Takum obpaszom,
a1po roMoMopduzMa P COTEPIKUT FTEMEHTB BUMA i05(w)ige(w) ™!, Tae w € m1(Aq N Ap).

Teopema 6.3 (Ban Kamnen). I[Tyemv X — obsedunerue AunedHo CBAZHHEL OMKDOIMOLT
MHOHCECTNE Ay, KANHCIOE U3 KOMOPBLLT COOEPHCUM, OMMEYEHHYI0 oYKy To € X.

a) Ecau xasicdoe nepecenenue A, N Ag aunetino ceasno, mo ®: x, m(A,) — m(X)
ABAACTNCA INUMOPPHUSMOM.
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6) Ecau, kpome mozo, kascdoe nepecevenue A, N Ag N A, aunedino ceasno, mo adpo
2omomoppusma © — smo Hopmasvras nodepynna N, noposcoénnas ecemu sae-
MEHMamU 6u0a tas(w)ige(w)™t, a nomomy ® undyyupyem usomopdusm

T (X) = *,m1(Ay)/N.

Jlokasamenvemso. JIokaxkeM yTBepXKJeHHE a), T.e. CIOPBEKTHBHOCTH 0TOOpazkeHuss P.
Mpur yTBep:kaeMm, ato mjsa gauuaoil nerim f: [ — X B OTMeYeHHON TOUYKe T CYIIECTBYeT
Takoe pazouenne ) = 5o < s1 < ... < S, = 1 orpe3ka I, uTo 00pa3 KayKI0ro OTpe3Ka
[$i_1, $;] mpu orobpakeHuu f MEJUKOM COJIEPXKUTCS B OJJHOM U3 MHOKECTB A, . [leficTBu-
TeJIbHO, TaK Kak [ HeNpepbiBHO, KaxKaas Touka § € I umeer okpecraoctsb U(s) C I, pyst
kotopoit f(U(s)) jexur B onHOM n3 MHO)KecTB A,. I3 KOMIaKTHOCTH OTpe3Ka CJIefyerT,
YTO KOHEUHOE UHCJIO TAKHUX WHTEePBAJOB MOKpbiBaeT I. Torma KOHIBI 9THX HHTEPBAJIOB
3ajal0T Tpedyemoe pasdbuenue orpeska I.

[Mycre f([si—1,5:]) C A; m oboznaunm f; = fis, ;5. Torma f = fi-...- f, tne f; C A,
Tak kak kaxoe npocrpaHcTtBo A; N A1 JUHEHHO CBI3HO, MBI MOXKEM COEJUHHUTH T( C
f(si) € Ay A nyrém g; B A; N A;1. Teneph paceMOTpUM TIETITIO

(fi-91) (g1-f2-92) (g2- f3-G3) - (Gm—1 - fim),

TOMOTOIHYIO f. DTa NMeT/as ABJIIeTCa KOMIO3HIUEH MeTeb, KaxK/Iad U3 KOTOPhIX PacIIo-
JIO?)KEHA B OJIHOM M3 MHOXKECTB A,; Takue nerjn 3ak/aodeHbl B cKOOKu. CiieoBaTesbHO,
[f] mexxur B 06pasze orobparxkenus P, a moromy P CrOpHLEKTUBHO.

Teneph JoKazkeM yTBep:KaeHue 6), T.e., 9T0 IPU OMHCAHHOM TaM YCJIOBHH SIIPO TO-
Momopdmsma P copmamaer ¢ N. Mb1 Oymem paccMaTpuBaTh (Pakmopudayu SIeMeHTOB
[f] € m(X), 1.e. dopmanbubie paznoxenus suga [f] = [fi] ... [fx], rae

- KayKIbIii MHOXKHTENb f; — 9TO IeTJId ¢ HAYAJIOM U KOHIIOM B X, IIEJIMKOM COIep-
JKAIASICST B OJJHOM U3 MHOYKECTB A,, ¢ TOMOTONHYeCKUM KJaaccoM [fi] € m1(Ay);
- metss f romoronHa fi-...- fr B X.

Takum 06paszom, GakTopu3anms roMOTONNIECKOTO Kaacca [ f| — 310 ciioBo B #4,m1(Ay),
BO3MOZKHO, TIPUBOIMNMOE, KOTOpOe mepexoautT B [f] npu orobpakennn ®. YTBepKenue a)
[OKA3bIBALT, 9TO y Kayk10ro anementa [f| € m(X) ects daxropusarus.

Hazosém jgpe dakropmsannn knacca [f| sxeusasenmmuvimu, eciim OHI CBSI3aHBI TTOCTe-
JIOBATEILHOCTHIO NPEOOPA30BAHUI CJIEYIOIUX JIBYX BUJIOB WJIM OOPATHBIX K HUM:

1) cocenuue wiens [f;][fir1] oObeaunstorest B omun wied [f; - fir1], ecom [fi] u [fiiq]
JexkaT B oHo# rpymie m(A,);

2) unen [f;] € m(A,) paccmarpuBaeTcs Kak JexKanuit B rpymme m(Ag), a He B
m1(Aa), ecin f; — nerist B A, N Ag.

[Tepoe mpeobpaszoBanne He M3MEHSIET JE€MEHT IPYNIbl *,71 (A, ), 3amaBaemblii dhakTo-
pusarueii. Bropoe mpeobpa3oBanue He U3MeHIeT 00pa3 3TOT0 jIeMeHTa B (DAKTOPIPYIIIe
Q = *,m(A)/N cornacuo onpesenenuto noarpynmnsl N. Takum o6pa3oM, SKBUBAJIEHT-
Hble (DAKTOPU3ANNN JAIOT OJMH H TOT Ke 3JeMeHT I'PYIIHL (.

Mper okazkeM, 9To Jiobbie e hakTopusanuu kiacca | f] skpusasientabl. OTcona 6ymer
cIIeioBaTh, 9To oTobpakenune () — (X ), maaynupoBannoe orobpazxkenneM O, HHHEKTHUB-
HO. Tem caMbiM yTBepKIeHue 6) OYIeT J0KA3aHO.

[ycrs [fi] ... [fe] m [f1] .. [f}] — nBe daxropuszamun knacca [f]. lycrs F': I x] — X —
roMmoromnus, cBa3bBaromasg fi - ... - f ¢ fi - ... f;. Cymecrsyior Takue pasbuenus
0=5< 85 < ...<Sp,=1n0=t) <t <...<t, =1, aro obpa3 KaxKJa0ro
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U3 OPSMOYTONBHUKOB R = [s;_1,s;] X [tj_1,t;] mpm oToOpazkenun F j1€XHUT B OIZHOM
MHO)KeCTBe A, KOTopoe MBI 0003HaUnM A;j. DTN pa3dnenns MOXKHO MOTYyYINTh, TTOKPHIB
I X I KOHEYHBIM YHCJIOM MPAMOYTOJIBHUKOB [a,b] X [c,d], KaxapIii U3 KOTOPBIX 0TOO-
pazKaeTcsa B OJHO MHOMXKeCTBO A,, UCIOJB3Ys PACCYKIEHUS ¢ KOMIAKTHOCTBIO, a 3aTeM
pasmenuB [ X I BceMH TOPH30HTAJIbHBIME U BEPTHKAJIBHBIMU HTPAMBIMH, COIEPKAIIIMI
CTOPOHBI ITUX HPSAMOYTOIBHUKOB. MOXKHO CUHTATH, YTO S-pa3bHeHue SIBISETCS MOapas3-
OuenneM Tex pasbHeHuii, KOTOpbIe Tal0T mpousseaenus fi - ... fy w fi ... f;. Tak kak
F oroGpazkaeT OKpeCTHOCTb NIPAMOYTOJbHUKA R;; B A;j, MBI MOKeM NOLIEBEINTH BEPTH-
KaJIbHblE CTOPOHBI IIPSIMOYT'OJIBHUKOB [;; Tak, 4TOOBI KazK/ast

9 10 11| 12 Touka KBajspara [ X [ mpunajiexkasa e 60jee 4eM TpEM 1ps-
MoyroJbHHKaM [2;;. MOXKHO cunTaTh, 4TO €CTh 110 KpaiiHeii Me-

5 6 7 8 pe TpH pala IPAMOYTOJIbHUKOB, IIO3TOMY Mbl MOZKEM IIEBEJIUTH
TOJILKO TIPAMOYTOJBHUKHA B MMPOMEZKYTOYHBIX PAIAX, OCTABIAALd

1 2 3 4 BepXHUI M HUKHHUN psij 6e3 u3MeHeHuil. 3anyMepyeM Tenepb
NPAMOYTOIBHUKHT [y, R, ..., R,,, KaK MOKa3aHO HA PUCYHKE.

Ecnu v — nyth B [ X [, uaynuii u3 TOYKHU JIEBOM CTOPOHBI B TOYKY TTPABO CTOPOHBI, TO
F|, aBngercs neTséii ¢ HATAI0M U KOHIIOM B OTMeYeHHOI! TOUKe Ty, TaK Kak F' oTobpazkaer
JIEBYIO U TIPAaBYI0 CTOPOHBI KBasipaTa I X I B x¢. IlycTh 7, — myTh, OTOeasIONImii IepBble
7 TPAMOYTOIBHUKOB i, ..., R, OT OCTaJIbHBIX MPIMOYTOJTBHUKOB. 1OTIa Yy — HUKHAS
cTopoHa KBajpata I X I, a Y, — €ro BepxHsds CTOpoHA. byneM nmepexomuTh OT 7, K Vi1,
[MPOTACKUBAS ITOT HyTh 1O MPSIMOYTOJIHHUKY R\ 1.

Bynem Ha3biBaTh BEPIIMHBI TPAMOYTOJbHUKOB R, sepwunamu. s Kaxaoit BepIruHb
v, mas Koropoit F(v) # xg, paccMOTpUM TyTh ¢, U3 xo B F(v). Mbl Moxkem BBIGpaTH
IyTh @, TaK, 9TOOBI OH HPUHAJIEKAJ TI€PeCeTeHNIO IBYX WM TPEX MHOXKeCTB A;; B CO-
OTBETCTBUU C TeM, CKOJbKO HPAMOYTOJBHUKOB R, COJepzKaT BepIInHY v, TaK KAaK MBI
IpejoaraeM, 4TO IBOIHbIE W TPOMHbLIE IlepecedeHnus MHOXKECTB A;; JNHEIHO CBA3HBI.
Berasum B F|, mytu Buia §G,g, B IIOCJIEIOBATENbHBIX BEPIIMHAX U, KaK [PH JI0OKA3a-
TeJIbCTBE CIOPBbEKTUBHOCTU oToOpakenus P. B pesyabrare Mbl moaydnM GhaKkTOPU3AIUIO
kiaacca [F|,, ]. [letu B 9roit bakTOpU3aIMU COOTBETCTBYIOT BePTHKAIBLHBIM U TOPH30H-
TAJIBHBIM OTPE3KAM MEK/y COCEJHUMH BEDITUHAME, 9€pPe3 KOTOPBIX MPOXOIUT MyTb ;.
[leTs10, COOTBETCTBYIONTYIO OTPE3KY MEKIY COCeTHHMH BEPIIMHAMH, MOYKHO PAacCMaTpH-
BaTh, KK JIEKaILyio B A;; 15 11000T0 13 IPSAMOYTOIBHAKOB [T, COEPKAINNX 3TOT OTpe-
30K. Ecim MBI BBIOEpEM JAPYTOil U3 ITUX MPSIMOYTOJIBHUKOB R, TO (haKTOpU3aIMs KIacca
[F|,,.] 3amenurcs Ha sxBUBaTeHTHYIO (bakTOpH3auio. [Ipn npoTacKuBaHUK LyTH 1O IIps-
MOYTOJIBbHUKY R, 41 dbaxkropusanus F|, 3amenserca Ha F|, 10CpeicTBOM 'OMOTOIHH B
Ipese1ax MHOXKeCTBa A;;, COOTBETCTBYIOMETO 7,4 1. 9TO MHOXKeCTBO A;j MOXKHO BBHIOpaTh
OJTHAM U TeM JKe JJIS BCeX OTPe3KOB MyTel 7, U Y11, Jekanux B R,..1. Takum obpazom,
dakTopuzanum, COOTBETCTBYIONIUE OC/IEJI0BATEIbHBIM HYTAM Y, U Ypi1, IKBUBAJECHTHDI.

MbI MOzKeM J00UTHCS, YTOOBI (DAKTOPU3AIK, COOTBETCTBYIONAS 7Y, OblIa SKBUBAJICHT-
Ha dakropusanun [fi]...[fx], BBIOUpas nyTh g, AJsT KayKION BEPIIMHBI U BIOJIb HUKHEN
cToponbl KBajipata I X [ Tak, 4ToObI OH NPHUHA/IEZKA HE TOJHKO JIBYM MHOXKECTBAM
A;j, COOTBETCTBYIOINM TPAMOYTOJILHUKY [T, coleprKalieMy v, HO TaKKe TPUHAITEKA
U MHOXKECTBY A, COOTBETCTBYIONIEMY IIyTH f;, B 00JACTH ONpeeseHUus KOTOPOIO JIEZKUT
Touka v. B ciaydae, korma v — oOmuit KoHel obJsracTeit onpeeseHus IBYX MOCJeI0BA-
TeJIbHBIX HyTeil f;, BBIOIHsIETCS paBencTBo F'(v) = xg, T.e. MyTh g, BEIOUPATH HEe HYZKHO.
AHATOTHYIHO MBI MOXKEM CYUTATh, ITO (DAKTOPH3AIUS, COOTBETCTBYIONMAS MTOCIETHEMY
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LYTH Ypmp, dkBuBasenTHa [fi]...[f}]. Tak kak Qaxropusannu, COOTBETCTBYIOIINE BCEM
Iy TAM 7, 9KBHBAJICHTHBI, MBI OJTydaeM, 910 daxropuszamun [fi] ... [fx] u [fi]...[f]] 9%-
BHUBAJIEHTHBI. 0J

CdhopmynupyeM OTIeTIbHO YaCTHBIN caydail Teopembl BaH KaMmmena, Korjma moOKpbITHE
npocrpancTBa X cOCTOUT BCero u3 jByx Muoxkecrs, X = AU B. B arom ciydae ycjioBue
IyHKTa 6) TE€OPEMBI BBIIIOJHEHO ABTOMATHYECKH. K poMe TOro, He HyKHO TPebOBaTh, YTOOBI
Kak/10e U3 MHOXKeCTB A m B cofepzKaJjio OTMEYeHHYIO TOYKY, TaK KaK MOXKHO BBIOPATH
HOBYIO OTMEUYEHHYIO TOYKY B nepecedenun A N B:

CnenctBue 6.4. ITycmv X = AU B, 2de mnootcecmsa A u B, a makoce ux nepecevenue
AN B, omxpoimos u aunetino ceaswo.. Tozda

m(X) = (m(A) ™ (B))/N,

2de N — nopmaavhnas nodzpynna, nopoiciénnas ssemenmamts 6uda isg(w)ipa(w)™, w €
m(ANB), aiap: m(ANB) = m(A) uiga: m(ANB) — m(B) — 2omomopdusmui,
undyyuposanmve eratovenusmu AN B — A u ANDB — B.

I'pynna (7r1(A) * 7T1(B)>/N HA3BIBACTCA AMAAL2AMUPOSAHHBLM NPOU3GEICHUECM TPYIIIL
m(A) u m(B) nax m (AN B), cm. yupaxkuenue 6.8.

Samevanue. B ciaydae, Korga MOKPHITHE MPOCTPpaHCTBA X COCTOUT M3 0OJIee ABYX MHO-
KecTB A, YCJIOBHe TOTO, 9TO KayK10e A, COIePKUT OTMEYEHHYIO TOUKY T(, CYIECTBEHHO.
DTO yca0BUE BIEYET, YTO BCE TPOMHBIE TEepecedeHus HeIyCThI.

B kagecTBe e1né oHOro CJaeJCTBUS MBI IIOJIy4aeM olucanue pyHIaMeHTaIbHOU IPYIIIbI
Oykera \/a X, mpoctpaHcTB X, C OTMEYEeHHBIMI TOUKAMH L

CaenctBue 6.5. Ecau xaocdana moura o € X, AsAsemMCA dedOPMAUUOHHDIM PEMPAL-
mom ceoeti okpecmuocmu Uy, C X, mo umeem mecmo uzomophusm

T (\/Xa) = iﬂ'l(Xa).

B wacmnocmu, daa 6yrkema okpyorcnocmet \/,, ST epynna m(\,, S*) ceobodnas.

Joxazamenvemeo. Kaxkiioe npoctrpanctBo X, sdBjsgercd J1eOPMAIMOHHBIM PETPAKTOM
cpoeit okpecrrnoctn Ay = Xo V'V, Us CV, Xa. lepeceuenne apyx u 6osee paziuiubix
MHOKecTB A, — 310 npocrpancrso \/, U,, KoTopoe crarusaemo. Torga u3 TeopeMbl BaH
Kawmmnena ciegyer, uto ®: %, m1(Xq) = m1(V, Xo) — u30MOpDHU3M. O

3amaun U ynpakHeHUs.

6.6. /lokaxkure, 94TO abesieHU3aNUCH IPYIIBL Zg * Zo ABAACTCS Lo X L, W OLUIIUTE PO
romoMopdusMa abeleHu3anun Zog * Lo — Lo X L.

6.7. Ilokaxkure, aro romomopdpusm P: *, m(A,) — m(X) MoxKeT OLITH He CIOPHEKTHUB-
HBIM, ecJId He Bce Hepecedenus A, M Ag JUHEHHO CBA3HBL.

6.8. Ilycts ganb romomopdusmet rpynn fi: H — Gy u fo: H — Gy. Onpeneaum amans-
2amuposarnoe npoussedenue G1xg Go rpynn G u Gy Hax H kak dpakToprpyiry ¢cBoboI-
Horo npoussesenns Gp* Gy 0 HOPMAJIBHON MOArPYIIIe, TOPOXKIEHHON BCEMH 3JIeMEeHTaMK

suza fi(h)fo(h)~!, roe h € H.
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Joxkaxkure, uro G1 *g (Go BXOIUT B KOJEKAPTOB KBaIPAT

H f1 G,

|

Gy — Gy xp G,

T. €. 00J1a7]aeT COOTBETCTBYIOIINM YHHBEPCATBHBIM CBORCTBOM, CM. (2).

6.9. Ilycts X = A} U Ay, tie X — kJjerodHoe mpocTpancrso, Aj, Ay — KJjierodnbie
O/IMPOCTPAHCTBA, TpUIeM nepecedenne B = A; N Ay CBA3HO W COMEPKUT OTMEYEHHYIO
TOYKY Tg € X, KOTOpast sIBJII€TCS HYJIbMEPHON KIeTKO#. Mbl mMeeM KOJeKapTOB KBaIpaT

BLAl
in jll
Ay - X,

Brorauciss dpynjaMeHTaIbHbIe TPYIIHI BCEX MTPOCTPAHCTB B ITON jIHarpaMMe W TPUMEHSIST
VHUBEPCAJIBHOE CBOWCTBO aMalblraMUPOBAHHOTO MPOU3BEIEHUs (CM. HPEJIbLIYINee YIpazk-
HEHWE), Mbl [OJIy9IaeM JHArPAMMY

(i1)«

T (X)
Ucnonb3ysa Teopemy Ban Kammena, JOKaxKuTe, 9T0 TOMOMOP(MU3M
h: 7T1(A1> *71—1(3) 7T1(A2> — 7T1(A1 Up AQ)

apJisiercst u3oMopduszmom (Mel umeeM X = A; Up Ap). Takum o6pazom, GyHKTOP 71
ePEBOINT aMAaJbIaMbl KJIETOUHBIX MPOCTPAHCTB B aMaJ/IbraMbl TPYIIIL.

6.10. Haittn dynraMenTa IbHYIO TPYIIY JONOTHEHHA OKpYy:KHOCTH B R3,

6.11. JlokaxkuTe, 9TO AOTMOMHEHUE ABYX He3alellIeHHBIX OKpyzKHOcTell B R3 me romeo-
MOPGHO JIOTIOJIHEHHUIO JIBYX 3allCIJIEHHBIX OKPYKHOCTEIH.

6.12. Haittu GpyngaMeHTa ILHyIO TPYIINY JONOTHEHHA TPEX KOOPAMHATHEIX oceit B RS,

7. OYHIAMEHTAJIbHASA TPVIIIA KJIETOYHOI'O ITIPOCTPAHCTBA

3/1echb MBI Hay IMMCs 33/1aBATh (PYHIAMEHTAIbHBIE TPYIIIIBI KJIETOYHBIX TPOCTPAHCTB 00-
PA3YIOIUMI W COOTHONTEHUSIMA. JTO MO3BOJIUT HAM SIBHO BBITUCIATH (DYHIAMEHTAIBHY IO
IpyIIly, 3a/1aB KJIETOYHYIO CTPYKTYPY.

BrauaJie BbIBeIeM €I1¢ O/THO BazKHOE CJIEJCTBUE TEOPEMbI O KJIeTOYHON almpoKCUMaIUN:

ITpenmoxkernue 7.1. Beakxoe aunetino ceA3H0€ KAEMOYHOE NPOCTPAHCMEO 20MOTONUYE-
CKU IKBUBANAEHMHO KAEMOYUHOMY NPOCMPaHcmay ¢ eduncmseennot 0-mepHotd kaemrod.
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Joxazamenavcmeo. BoibepeM B HallleM JIMHEHTHO CBA3HOM HpOCTpaHcTBe X HYJIHBMEPHYIO
KJIETKY €9 U COeJMHUM C Hellt ocTaJIbHBbIE HYJbMEPHbIE€ KJICTKH IIYyTAMUA (HyTI/I MOTYT 11iepe-
cekarbes). Venonb3ys Teopemy 0 KJIeTOTHON alpOKCHMAIHT, Mbl MOZKeM JT0OUTHCSI TOTO,
9TOOLI 3TH IYTH JIesKaId B oJHOMepHOM ocToBe X!, IlycThb y; — myTh, coequnsiomuii 0-
MEPHYIO KJIETKY €y € HyJIbMePHOH KIeTKo# e;. Jl1a KaxK/1oro ¢ npukaenM K X JIBYMepHBIi

JINCK IO OTOOPaKeHWIO HUKHEH MOJIyOKPY:KHOCTH B X TpH momomu nyTa ;. [lomyanm

2

HOBOE KJIETOYHOE MPOCTPAHCTBO X, KOTOPOe CoAepKUT X U, KpOMe TOro, KJIeTKH €, €2

(BepXHHE MOJIYOKDYKHOCTH M BHYTPEHHOCTH TPHKJIEEHHBIX JHUCKOB).

dAcno, aro X ectb jedopMalinoHHbIil peTpakT B X : KazKJIblil NIPUKJICCHHBIN JIUCK MOXK-
HO CTSIHYTH HA HUXKHIOIO HOJYOKPYKHOCTH. O6o3HauuM 4epe3 Y oObeJMHEeHHe 3aMbIKa-
HUil KJIeToK e} (BepXHux mosryokpyzKuocteit). Ouenano, Y crarusaemo. ClieoBaTeIbHO,

X/Y ~ X ~ X.Hoy X/Y Bcero oaaa HyJIbMepHas KJIETKA. O]

[lycte X — jiuneiino cBs3HOE HPOCTPAHCTBO ¢ OTMEYEHHON TOUKOI To. OTobdpazkenue
p: 8! — X, nepesonsgmee orMedeHHyI0 TouKy (0 OKPYZKHOCTH B T, MOYXKHO PaCcCMaTpH-
BaTh Kak meraio B (X, xg), u mosroMy oHO 3amaér smement [p] € (X, xg). Ecin xe
orobpazkenue ©: S' — X nepesopur 0 B Kakyto-1o JApyryio Touky ¢(0), To Mbl MOy daem
ssemenT rpymisl T (X, ¢(0)), Koropas ceazana ¢ w1 (X, xg) HEKAHOHHIECKAM H30MOPdOU3-
MoM (cM. 06cyzKIerue mocie TeopeMbl 5.3). TakuM 06pa3oM, TPOU3BOJIBLHOE 0TOOPaXKEHIe
@: ST — X szamaér snement rpynnsl 7 (X, Tg), 3 JAHHBIA ¢ TOYHOCTBIO 10 CONPSKEHU.

[Iycts X — KJIeTouHOe MPOCTPAHCTBO ¢ eJlnHCTBeR o O-MepHoii KieTkoii ¥ = x(, o1Ho-
MEPHBIMH KJIETKAMHE €}, i € [, 1 AByMEPHBIME KJIETKAMH e?, J € J. XapakTepucTuiecKue
orobpazkerns D? — X AByMepHBIX KJIETOK ONPEIeSiOT OTOOPAsKeHUS MPHKJICHBAHNS
fi: St = X' (em. pasgmen 4), koropsle 3amaor sremertol ; € m(X!) ¢ TouHOCTBIO
10 conpszkenus. Ipu sTom X! — 310 Gyker okpyzHocTeil €} u rpymma m (X', xg) ecthb
cBOobGOIHAS IPYIIIIA ¢ MHOXKECTBOM o0Opa3yiomux [ B cuiy ciaeactsus 6.5.

Teopema 7.2. I'pynna m(X,z0) usomopdna Paxmopepynne ce060dnotl epynnoi
T (X1, 20) ¢ obpasyrowumu, omeenaouumy 1-MePHBIM KACTEKEGM, TO COOTHOWEHUAM
B; =1, j € J, omeeuarowjum 2-mepHuim KACMKAM.

Hoxaszamenvcmeso. 1IpoBe M T0Ka3aTETHCTBO IO HHAYKIIAN IO TTPUKJIEHBAEMBIM KJIETKAM
pasmepnocru n > 2. Ecim Takux xiaerok ner, To npocrpanctso X = X1 — 6yker cdep u
7m1(X) — cBOGOAHAs TPy ¢ 00PA3YIONIMMEI, OTBEYAIONMMU 1-MEPHBIM KJIETKAM.

[Iycrs X' = XUy D" nonyueno u3 X NpUK/IenBAHIEM N-MePHO KJIeTKH €™ IPU IOMOIIH
orobpazkenns f: S"71 — Y, T.e. MBI mMeeM KOIEKapTOB KBaJpaT

st L x

L

D — X'

BuyTtpu kierku e Boibepem Touky y. Ilycte A = X'\ {y} u B = X'\ X. Torna A
nebopMallmoHHO perparupyercs Ha B X, a B crarusaemo. Temepb NPUMEHHM TeOpEMY
Ban Kamnena x mokpoituio X = A U B. Tak kak m(A) = m(X), a m(B) = 0, Mb
norygaeM, aro mi(X') m3omopduo daxkroprpynme rpynmst m(A) * m(B) = m(X) mo
HOPMaJIbHOHN HOATPYIIIe, HOPOXKAEHHON 00pasom orobpaxkenust (AN B) — w1 (A).

Jasiee cHavajia pacCMOTPUM CJydail NPUKJICMBaHUsSA [BYMepHOH KieTku e, T.e. n = 2.
B srom ciayuae A N B jedopMainuoHHo perparupyercs Ha okpyxkHoctb B €2 \ {y}, u
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MBI TIoJydaeM, aro obpa3 rpynnbl w1 (A N B) B m(A) — 910 HOpMabHasi MOATPYIIA,
MOPOXKAEHHAS KJIACCOM MeTIN, 3aaBaeMoit orobpazkenmem f: ST — X1 Taxum o6paszom,
IIpM NPHKJEHBAHUM HOBOH JIByMepHOIl K/JIeTKH e’ K cooTHomleHusM B rpyime m(X) =
m1(A) mobasisiercs emmg oaHO cooTHoIeHne 5 = 1, oTBevarolee 3Toi IBYMepPHOil KJIeTKe.

[Tocsie TOro Kax Mbl OPHUKJIEUIH BCE IBYMEDHBbIE KJETKH, JaJjibHefilee IpUKIedBaHIe
KJIETOK €" pa3MepHOCTH n > 3 He MeHsteT rpymnmy 71 (X). DTo caemyer uz Toro, uro AN B
nedbopMaImoHHo perparupyercsa Ha (n — 1)-mepuyito cdepy B € \ {y}; Takum obpaszom,
m(ANB) = m(S" 1) =0 npu n > 3 cornacHo npeioKenuio 5.5. O

IIpumep 7.3. Bpruucium dynjaMeHTaIbHYIO TPYIIY OPUEHTHPYEMOH MOBEPXHOCTU Sy
pora g (cdepsr ¢ g pyukamun). OHA UMeET KJIETOYHYIO CTPYKTYPY € OJHOU HYJbMEPHOM
KJIETKOMH, 2¢ OJHOMEDHBIMH KJIETKAMHU df,...,0q U by, ..., by 1 onHOI ABYyMepHOI KJjer-
Koit, cM. npumep 4.4.6 u puc. 1 r). OnHOMEPHBIH 0CTOB — 3T0 GyKeT 2g OKpyzZKHOCTEIH;
ero (ynjaMenTaabHas IPyNna — cBOOOAHAd rpymnna Fh, ¢ 00pasylomUMH Q,...,0q U
bi,...,by. JIByMepHas KieTKa IPUK/eeHa 10 IeTJie, 33 aHHOl IIPOu3BeJeHneM KOMMYTa-
TOpOB 31X 0b6pasyouimx. [Tosromy m1(S,) — daxkroprpynna cBoboaHO rpymmsl Fh, 1m0
OJIHOMY COOTHOIIIEHUIO, 33/ JAHHOMY IPOM3Be/IeHeM KOMMYTATOPOB:

—1p—1 —1p-1 —1p—1
m1(Sg) = (an, ..., ag,b1,. .. by [arbiay by - agbaay by - ... - agbga, b, ).

B wactroctn, dbynIaMenTagbHad rpynna Topa 12 = S; msomopdra GaxToprpyIe rpy-
bl [ 1o coornomenuto aba 107! = 1, T.e. Z ® Z. 10, KOHEYHO, CJIeyeT U3 IIPOCTOH
dbopmyssr (X X Y) 2 m(X) x (YY) (em. ynpaxuenue 5.11).

IIpengyoxxenue 7.4. Iloseprnocmo Sy 1e 2omeomopdra u dasice He 20MOMONUUECKU IK-
BUBANEHMHA NOBEPTHOCTIU Sy, ecat g # ¢'.

Hoxasamenvcmeo. Abenerusanus rpynnsl m (S,) — 910 Z* (cBoGognas abeseBa rpymnna
¢ 2g obpazyroutumn). Eciun Sy >~ Sy, 10 m1(S,) = m1(Sy), a 3HAUNT 1 abeIeHN3ANNE STUX
Py W30MOPQHBI, 4TO BJIEYET PABEHCTBO g = ¢ . 0

Ipumep 7.5. Vcno/b3ys Kierounoe pazbuenue 1poeKTuBHoil mwiockoctu RP? (em. npu-
Mep 4.4.6 u puc. 16)), Mbl nojrydaem, uro dynjgamentaabias rpynna 7 (RP?) uzomopdua
dakroprpymie rpynnbl Z (¢BOGOJHON TPYIIBI ¢ OHON 006pasyromieil a) mo OIHOMY COOT-
nomennto a? = 1. Taxum obpaszom, 7 (RP?) = (a|a?) = Z,.

Orcroma cieayer, YTO MPOEKTUBHAS TIOCKOCTH He ToOMeoMOpdHA HU OTHOM U3 MOBEPX-
HocTeit S,.

3amaun U ynpaXHeHUs.

7.6. Jluneitno cBs3noe npocrpancrBo X HaszbiBaerTcst 00Hoces3HuiM, ecau T1(X) = 0.
JlokazkuTe, 9TO BCIKOE OJHOCBA3HOE KJIETOYHOE IPOCTPAHCTBO IOMOTOINMYECKH SKBUBA-
JIEHTHO KJIETOYHOMY NPOCTPAHCTBY C OJiHOI (O-MepHO# KyieTKoit n 6e3 1-MepHBIX KJIeTOK.

7.7. Onumure dbyHmaMenTaabuyo rpynny oyreutku Kieitna K, ncnosib3ys KJIeTOUHOE
pasbuenue u3 npumvepa 4.4.6 u puc. 1 B). Jokaxwure, 410

m(K) 2 (¢, co|cic3).

Omnnmmure abesennszanuio rpynnbr 7 (K) u BbIBeUTE OTCIOA, 9T0 OyThIIKA Kieiina me
romeoMopdHa TPOEKTUBHOI IJIOCKOCTH ¥ He ToMeoMopdHa HI OJTHOI U3 HOBepXHOCTelH S
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7.8. Ilycrs Py — npoekTuBHas ILIOCKOCTL ¢ ¢ pyukamu, a K, — Oyrbuika Kueiina ¢ g
pyukamu (cm. mpumep 4.4.6). Tokaxkure, ar0o DyHIaMEHTATbHASI I'PYTIA MOBEPXHOCTH
P, umu K, nzomopdna dakroprpyiie cBo00JAHON IPYLIIBI ¢ 00Pa3yIONUMU Ci, . . . , Cj 110
OITHOMY COOTHOIIEHHIO 5 - ... ci = 1, tne k =29+ 1 nna Py u k = 29 + 2 nna K.
okazkure, 4TO 1MOBEPXHOCTU Sy, Py, K, m0onapHO He roMeoMopdHbI.

7.9. Boerancaure dpynmamenTaabubie rpynmnbl mpoctpancts RP™ u CP™.
7.10. Jlokarkure, 9TO BCAKAS IPYIIIIa AB/IAeTCA PYHIAMEHTAJILHON I'PYIIOH HEKOTOPOIro
KJIETOYHOT'O MPOCTPAHCTBA.

8. HAKPBITHS

Onpepenenune n npuMepsbl. JIMHEHO CBA3HOE HPOCTPAHCTBO X HA3bIBACTCH HAKPHIGA-
HOUUM POCTPAHCMBOM /It JIMHEHO CBA3HOIO IPOCTPAHCTBA X, eCiH 3aaH0 0To0pa-
xenue p: X — X, Takoe, 4ro y Joboit Touku x € X wmmeercsa okpectroctb U C X,
ang koropoit p~H(U) romeomopduo U x I', rae I — IUCKPETHOE MHOMKECTBO, TTPHIEM
JHarpamMmma

Ux1T

\/

kommyTarusHa. Jpyrumu ciaosamu, p~t(U) spisercs obbeuHeHneM HellepeceKaromx-

CsI OTKPBITBIX MHOXKECTB B X, KaykKJ0e U3 KOTOPbIX p romeoMopdHo orobpazkaer Ha U.
Otobpazkenue p: X — X Ha3bIBACTCS HAKPOLMUEM.

ITpumep 8.1.

1. p: R — S' ¢+ (cost,sint). 910 HAKPHITHE UCHOIB3OBAIOCH TIPH JOKA3ATEIHLCTEE
m3omopbusma m1(St) = Z (reopema 5.6).

2.p: St = S 2+ 2% rae oxpyxuocrs St zanana kax {z € C: |z| = 1}.

3. Orobpazkenue p: S™ — RP", KoTopoe IIepeBoJuT TOUKy chepbl B Ipamyto B R
IPOXOJSAIINYI0 depe3 31y Touky u 0 (cMm. mpumep 4.4.3).

fcuo, aro ecnn p1: X1 — X1 1 po: Xo — X9 — HaKpPBITHS, TO U P X Po: X1 X Xg —
X1 x Xy — makpeiTHe. B wacTHOCTH, KBaJpaT HAKPHITHS U3 mpuMepa 8.1.1 1aéT HaKpbITHE
R2? — T2 topa T? = S x S! miockocThio.

CBoiicTBO MOAHATHA TOMOTOOHH. ['0BOpAT, UTO oTobOpaxkenue p: Y — X obaagaer

ceoticmeom nodnamus zomomonuu (covering homotopy property, CHP) no orHomenuio x

UPOCTPAHCTBY Z, eciu Jyist J1o6oro orodpazenust f: Z — Y u romorounn F': Zx1 — X,

Takoi, uTo po f = Fy, cymecrsyer naxpuearowas romoronns F: Zx 1 — Y, njs KoTopoit
= fupoF = F.3T0 onuckiBaeTcs CJAeAYIONEH TrarpaMMoii:

(4) 7z .y
F -7

loj // lp

ZxIT-t-Xx

rae ig — BIOXKeHue z — (z,0).
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Huzke Mbl mokazkeM, 4To HakpbiTHd p: X — X 0071a/1a10T CBOMICTBOM MOAHATHS TOMO-
TONWW, TPUIEM HAKPBIBAIOIIAS TOMOTOIHS eIUHCTBeHHA. [Ipu Z = pt cBOicTBO OAHATUS
romoronuu (4) IMpeBpaInaeTcst B c60licmeo noduamus nymet:

Jlemma 8.2. Jlasa arwbozo nymu v: I — X u 410600 mouxu T € )?, makot, wmo p(T) =
7v(0), cywecmsyem eduncmeennu nyms y: I — X, makot, wmo ¥(0) =T upoy = 1.

Jloxasamenvcmeo. OKpeCTHOCTH U3 OIPEIeTCHAS HAKPBITHS MBI OyJIeM HA3BIBATD 24EMEH-
maproimu. st Kazxporo t € [ waiiaém semenrtaphyio okpecraocts U(t) C X Touku 7(t).
B cuny kommakTHOCTH OTpe3Ka [ u3 3THX OKPECTHOCTEH MOXKHO BHIOPATH TOCJIE0BATE/b-
wocth Uy, ..., Uy Takum obpazom, uro U; D Y(t;, tiq), tae 0 =t <ty < ... < tyy1 = L.
[TpooGpas p~1(U;) romeomopden juckperHoMy HabOpy Takux e okpecrHocreit. IlycTh
Uy — Ta U3 HUX, KOTOPAs COAEPKAT TOUKY 7. OUpenesnm 7 : [0,t5] — U, Kak 1poobpas
KYCKa 7|[07t2} oyt v ot 0 = t; 710 t9, KoTOpBIi monagaer B U;. 3areMm mpojesaeM TO 2Ke
camMoe ¢ OKpecTHOCTBIO Uy, TOUKO# 7(t2) M KYCKOM TYTH 7|t 4] ¥ T.A. Tak Kak umcio
OKPECTHOCTEl KOHEYHO, TO IIPOIECC KOHEUeH, a TaK KaK JJId KarKI0i OKPECTHOCTH OH
OJHO3HAaYCH, TO IIYTb C HY2KHbIMU cBolicTBaMu cyaiecrsyer ToJIbKO OJAMH. |:|

Teopema 8.3 (0 mogusituu romoronuu). Haxpwmue p: X — X obaadaem ceoticmeom
NOJHAMUA 20MOMONUY 1O OMHOWEHUIO K A1000MY NPOCTPANCGY Z , NPUHEM HAKPLEAIO-
waa eomomonus F: Z x I — X (cm. (4)) eduncmeenma.

Hoxazamenavcmeo. Ilycrs nanbl orobpaxkenue f: Z — X u romoronust F: 7 x [ — X.
[Tepeiiis K COUpszKEHHOMY, ToJaydaeM orobpakenue F': Z — X! nepesojsinee TOUKY
z€ ZBuyrbt— F(z,t)B IPOCTPAHCTBE X. B cury memmbt 8.2, 3T0T myTh C/IMHCTBEHHBIM
00pa3oM TMOJHUMAETCH IO TMYTU B X KOTODBINl HaunHaercst B Touke f(z) € X. Takuwm

00pa3oM, CyIIECTBYeT €JIMHCTBEHHOE 0TOOparKeHHe F 7 — X! , BXOJIIIee B TUarpaMMmy

X po j‘(i]

-
f[ B, L
Ve

7/ ’
7. xr

r7ie pg — OTOOPaKeHue, COMOCTABILIONIee MyTH ero HadaabHyo TouKy. [lepexoas obpaTtHo
OT COLPSZKEHHBIX OTOOPAXKEHUI K UCXOAHBIM, HOJYYUM JUAIPAMMY

71 . x
-7
. F -
zol // jp
ZxI-t-Xx,

KOTOpasi U BhIpazkaeT TpedyeMoe CBOMCTBO MOTHSITHSI TOMOTOINN C € THHCTBEHHON HaKpbI-
BAIOIIEN TOMOTONUEN. ]

HakppiTunga n pysgamenTagbHad rpynna.
Teopema 8.4. Omobpasicerue

P m(X, To) = (X, x0),
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undyyuposarnoe naxpumuem p: (X, 7o) — (X, xg), asasemca monomoppusmom. Ioo-
epynna pm1 (X, To) 6 m(X,xz0) cocmoum us zomomonuueckux kaaccoe nemeav 6 X ¢
HAYANOM 6 T, NOOHAMUA KOMOPYL 6 X ¢ HAUAAOM 6 To ABAAOTNCA TEMAAMU.

Hoxasamenvcmso. Hago nokazars, aro ecom neras p: [ — X ¢ mauasom T IPOEKTH-
pyercst B etio p: I — X rOMOTONMHYIO HYJIIO (T.e. TOMOTOINHYI MOCTOSHHON IeTe),
TO W cama IeT/Isd @ roMoTonHa Hyaio. PukcupyeM romoronuio ¢;: I — X, Takyio, 910
wo = @, pi(0) = (1) = g, p1(I) = xg. [lo Teopeme 0 MOTHATHE TOMOTOIIUU CYIIECTBYET
romorotust @1 I — X, Takas, 4ro ¢g = ¢ u p o ¢, = ;. Ho rak kax nosnbiit npoobpas
TOUKE T guckpered B X, Mbl umeeM ¢(0) = ¢(0) = T, @(1) = ¢(1) = T, @1(I) = .
Takum 06pa3oM, HeTIsd ¢ TaKzKe TOMOTOIIHA HYJIIO.

JlokazkeMm Terepb BTopoe yTrBepxKaeHue. [leTan ¢ HaYaaIoM U KOHIIOM B T, HOJHHMAO-
mpecs 10 TeTelb ¢ HaualoM U KOHIOM B Tp, OYeBUJIHO, IIPEJICTABIAIOT 3JeMeHTh obpasa
orobpaxkenus p,: m(X,To) — m(X,zo). Haobopor, neris, npeacraBisionias 371eMeHT
00pa3a 0TOOpaykKeHus P,, FTOMOTOIIHA TIeT/Ie, Y KOTOPOi eCTh TaKoe MOAHATHE, TOITOMY CO-
[JIACHO CBOMCTBY HOJHSATHS TOMOTOIIMK U Y HEE caMOil JOKHO OBITh TaKoe HoaHaTue. [

Hamomuum, aro undexcom noarpynisl H C G Ha3bIBaeTcs HA3BIBAETCHA MOITHOCTH MHO-
JKeCTBa CMe:KHBIX KjaccoB Hg, g € G. Eciu H — nopMaJsibHasg HOArpyIa, To UHaAeKe H
B G — 910 nopsiyiok dakrop-rpymns G/ H.

Tpennoxenue 8.5. Yucio mouer 6 npoobpase p~'(xg) npu maxpwmuu p: ()?,:’fg) —
(X, o) pasro undexrcy nodepynnu, p.m (X, Zo) 6 m1 (X, xo).

JToxasameavemso. Tlycrs H = p*m()?, Zg). Jns metsin ¢ B X ¢ HAYAIOM U KOHIIOM B Zo,
ycTh 3 — €8 mojHsTie B X, HAUHHAIONIEeCs B TOUKe To. [IpousBeienue 1 - o, rie Y] e H
HMeeT HOfHATHE 1) - P, 3aKAHUMBAIONIEECs B TO JKe TOUKe, 4TO U (3, Tak Kak ¢ — IeT-
s, [loaromy Mbl MOKeM ompesieuTh orobparkenne P m3 MHOKECTBA CMEXKHBIX KJIAaCCOB
{H[p], [¢] € m(X,20)} B p~(x0), mepeBongamee H[p] B @(1). 13 nuneiinoit ceaznocTun
IpOCTpaHcTBa X CleyeT, ar0 ® CIOPBHEKTHBHO, TAK KAK TOUKY To MOKHO COCIIHUTD C
M060# TouKoit B p~!(x) MyTéM @, TPOEKTHPYIOMINMCSA B HETIIO (0 ¢ HAMAJIOM U KOHIOM
B Zo. Kpome toro, ® unbekrusHo: u3 pasercrsa $(H[p|) = ®(H|[¢']) caenyer, aro ¢ - @
MOIHAMAETCS 10 IeTIA B X ¢ HAYAIOM H KOHIOM B To, mostomy |¢][¢']~! € H, a sHauur,
Hlp] = H[¢']. O

Teopema o moguaTun oTodOpakeHmii. BoigcHum, Kak 0OCTOUT JI€JI0 € TOJHATUEM IIPO-
U3BOJIBHBIX OTOOpaYKeHuii, a He TOJHKO TOMOTOIHIA.

[TpocTpancTBo X HaA3BIBAETCS A0KAADHO AUHETHO CEA3HBIM, €CJAN s JII0O0H TOYKN
x € X n oboit okpectnocTu U TOYKK T HalAETCA JIMHEHHO cBa3HasA okpecTHOCTh V C U.

Teopema 8.6 (o mogHsiTun orobpaxkenus). I[Tyems p: ()Z',%o) — (X, o) — naxpwmue u
f:(Z,20) = (X,x0) — omobpasrcernue u3 AUHETHO CBA3HO20 NPOCMPAHCMEA Z ¢ 0MMe-
YeHHOU MouKkoll 2.
a) Cywecmeyem ne Goaee 0dnozo omobpasicenus [ (Z, ) — (X, Ty), maroeo, wmo
po f=f (noduamuas).
6) Ecau Z A0KGADHO AUHETHO C8AZHO, MO 0% CYUWELCMBOBAHUSL NOOHAMUA HEOOTO-
oumo u docmamouno, 4mobvl GHINOAHALOCH GKAOUEHUE

f*771 (Zu ZO) C psmy (557 550)
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Jlokasamenvemso. JTokaxem a). Ilycthb fI/I f~’ — nBa noaaatud. Ecam z € Z — npouns-
BOJIbHASA TOYKa W y: [ — Z — WyTb U3 2y B 2, TO MYTH fy u ]7/’7 HAKPBIBAOT IyTh f7y
1 uMeroT o0lee HAYAIO0, BCJAEJICTBHE 4ero oHu comagaroT. Llosromy f(z) = (fv)(1) =
(f'1@) = f'(2). N

Tenepsb jokazkem 6). Mbl MOZKEM MOLBITATHCS HOCTPOUTH 0TOOpazKeHue f CJeLy oM
obpasom. Ilycre 2z € Z. Bosbmém nyrs v: I — Z u3 29 B 2z n qgia nyru fy: [ — X
nocrpoum noguatae fvy: I — X ¢ HAYAIOM B TOUKE To. 3aTeM HOJIOKHM f(z) = f~(1).
st TOro, 4T00bl T8 KOHCTPYKIHA Obl1a KOPPEKTHOMH, HEOOXOAUMO U JIOCTATOMHO, ITOObI
J714 1I060T0 ApyToro myTH y': [ — Z u3 29 B 2, COOTBETCTBY IO My Th f7' 3aKamanBascsa
B TOH Ke TOYKe, 9T0 U f7, T.e. 91006l nerasa f o (77') HAKpBIBAJIACH B X neriéit. Dro
PaBHOCHJILHO YCJIOBUIO, YKA3aHHOMY B 9acTH 6) T€OpeMBI.

Kpowme Toro, He06x0AuM0 IPOBEPUTH HENPEPBIBHOCTH 0TOOpaXkKeHHs] ]7 [Iycrn Uc X —
okpectHoCcTb Touku f(z). Ilepeiijst, eciim HEOOXOAUMO, K MEHbIIEH OKPECTHOCTH, Mbl MO-
KeM CYATaTh, U9TO P: U— U — romeoMOpdu3M Ha HEKOTOPYK OKpecTHOCTb U TOY-
ku f(z) C X. Boibepem jmHefiHO CBA3HYIO OKPECTHOCTH V' TOYKH Zz, JJisl KOTODPO¥
f(V) € U. B kagectBe myTeii u3 zp B pasubie Touku 2z’ C V' MOXKHO B34Th (DUKCHDPO-
BAHHBIH 1yTh 7 U3 29 B 2, KOTOPBLil LPOJIOJIAKAETCA PA3HBIMU IYTSMU 1) B V' U3 TOUKH
z B 2. Torma myru (fv) - (fn) 8 X mmetor nogusarua (fv) - (fn), rome fn = p~1(fn)
upl: U — U — orobpaskenue, obparhoe K p: U — U. Takum 06pasom, f(V) cU,
MO3TOMY OTOOparKeHme fHenpepblBHo B TOYKE Z. OJ

YHuBepcajJbHOE HAKPBITHE. Tak Kak 0TOOparKeHHe P : 7T1(5(: , o) — m (X, xo) aBis-
eTcst MOHOMOP(DU3MOM, BOSHUKAET BOIIPOC, Jiobas i noarpynna B w1 (X, xg) peamusyercs
B BuJe P, (X, To) mias mekoroporo Hakpwitus p: (X, To) — (X, xo). Huxe mMbl yBuanM,
9TO OTBET HA ITOT BONPOC NOJOKHUTEICH. BHATAIE pACCMOTPUM BONPOC O PEATU3YeMOCTH
TpuBnanabHoil moArpynnsl {e}. Tak Kak p, — MOHOMOPGU3M, 3TO CBOAUTCS B BOIPOCY O
CYNIECTBOBAHUM OJHOCBAZHOTO HAKPBIBAIOIIETO MPOCTPAHCTBA M1 X .

[TpocTpancTBo X HA3BIBACTCH NOAYAOKAALHO 00HOCEA3HLIM, €CIH g JI0O0H TOYKH
r € X m e€ okpecTHOCTH V' 3 x cymecTByeT MeHbIIad okpecTHOCTh U C V| Takast, 9TO UH-
JaynupoBanHoe BKaodenueM orobpaxkenue 71 (U, z) — (X, z) TpuBnasibao. OTKPHITHIE
MHOKecTBa U ¢ 3THUM CBOMCTBOM 00pa3yioT 6a3y TOMOJIOTHH MOIYJIOKAILHO OIHOCBA3ZHOIO
npocrpascTsa X.

Teopema 8.7. Ilycmov X — aunetino c64310€, AOKAADHO AUHETHO CBAZHOE U NOAYAOKAND-
Ho odHoceaznoe npocmpancmeo. Tozda cyuecmeyem nakpoimue p: X — X ¢ odnocens-
HotM X .

Jloxasameavcmeo. Ilycrs p: ()N(,fo) — (X, x09) — HAKpPBITHE C OTHOCBSI3HBIM X. Torna
J06YI0 TOUKY 7 € X MOMKHO COCIMHHTL MYTEM ¢ To, M 3TOT MYTh €IUHCTBEH ¢ TOYHO-
¢THIO 10 ToMoTOnHH. TT09ToMy X MOMKHO OTOMKIECTBHTD € MHOKECTBOM TOMOTOIHIECKHX
KJIACCOB TyTell B X ¢ (PUKCUPOBAHHBIM HAYaIoM To. C JIPYToil CTOPOHDL, TAKHE FOMOTOIH’-
YeCKHe KJIACCH — 3TO B TOYHOCTH TOMOTOIIMYCCKHE KJIACCH IyTeil B X ¢ (PUKCHPOBAHHBIM
HAYAJIOM T, B CHIY €JIMHCTBCHHOCTH IIOJHATHs IyTeil. MBI IPUXOIUM K CJICIYIOIEMY
OIpPeJIe/ICHAIO:

X = {[”y]: v nyTh B X, BBIXOJMAINNA U3 TOYKU wo},
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rie, Kak 00bIYHO, [y] 0603HAUAET TOMOTONHYECKUT KIACC IMYTH Y OTHOCHTEIBHO TOMOTO-
Ui, KOTOPBIE OCTABASIOT HAYAJI0 ¥ KOHEIl Ty TH HelMOABMKHbIMUA. Mbl nMeeM 0TOOparkenue

p: X - X, [y]—~(1).

Tak kax X Jjiuneiino cBs3uo, Kouen (1) moxer 6biTh J11000i TOUKO# B X, 1109T0OMY 0TOOpa-
KeHHe D CIOPbEKTUBHO. Huzke Mbl BBE/IEM TONOJIOTHIO Ha X , IOKAZKeM, 9TO P X 5 X —
HaKpbITHE, 3 X OJHOCBSI3HO.

PacemorpuMm U — HAOOD BCeX TAKUX JUHEHTHO CBA3HBIX OTKPBITHIX MOAMHOXKecTB U C
X, aro orobpaxkenune 71 (U) — m1(X) tpuBnaabao. Tak Kak X JIOKAJIBHO JIHHEHHO CBA3HO
1 TIOJIYJIOKATIBHO OTHOCBSA3HO, U — Gasa Tonosiorun Ha X (T.e. 11060€ OTKPHITOE MHOKECTBO
u3 X npesicraBisiercst B Bu/e 00beIMHEeHnsT MHOKECTB U3 U).

[lycts ganbst U C U u oyt v B X u3 T0YKN X9 B HEKOTOPYIO TouKy B U. ITojsoxkum

Up) = {lv-n]: n — nyrs B U, ana xoroporo 1(0) = (1)}

Orobpazkenue p: U},) — U clopbeKTUBHO, TaK KaK U JTMHEHHO CBA3HO, U HHbEKTHBHO, TaK
kak Bee myTu N u3 (1) B & € U romoronssl B X, HockosIbKy otobpazxenue m1(U) — m1(X)
TpUBHAJIBHO. VIMeeTcs ciienyiomiee ¢cBOHCTBO:

U = Upy, ecim [y] € U}, HeiicrBuTensro, ecan ' = 7 - 1), TO 3J€MEHTBl MHO-
(*) xectBa U, mmeror Buj |7y -1 - i) 1 moromy Jexkat B Ul,). AHATOTHYHO, 371eMEHTEI
muozxecrsa Uy, umetor Bug [y-pu| = [y-n-7-p] = [ -7 p| n noromy nezxar 8 Upy.

MBI 3a1a1MM TOIIOJIOTUIO0 Ha, X , B34B B KadecTse 0a3bl HaOop MHOXKeCTB Up). YToObI
IMPOBEPHUTD, YTO ITOT HAOOP MOYKHO B34Th B KauecTBe 0a3bl, HYKHO JT0KA3aTh, 9TO B JTIOOOM
nepecedennu Up,) N Vi) cogepaxurcs MHOKeCTBO Takoro suia. Ilycrs [7'] € Uy N V.
Torna Uy = Uy 1 Viyp = Viyrp. Hyere W€ U copepxures B U NV 1 coepxut 7 (1).
Torga Wiy C Upyy N Vi = Upy O Vi

Bzanvno ogrosnaunoe orobpazkenue p: Up) — U aBagercsas roMeoMopgusmMoM, Tak
KaK OHO 33JaéT B3aIMHO OJJHO3HAYHOE COOTBETCTBHE Mex1y MHoxkecrsamu Vi, C Ul u

MuOZKecTBamu V' € U, conepxamumucs B U. CrenoBarebno, orobpaxkenne p: X — X
HenpepweiBHO. OHO ABJSIETCS HAKPHITHEM, TaK Kak Juid pukcupoBanuoro U € U MHOKe-
crBa Ul st pasubix [y] 3agaor pas6uenue p~'(U) Ha HenepeceKalomuecs MHOKECTBA,
noromy uro ecin ['] € U N U}y, 10 Upy) = Uy = Upyrp 0 cBOMCTBY ().

Ocradrest oKasarh, 4To X OJHOCBA3HO. [jist JaHHOM TOUKH [v] € X uycrb ¢ — TyTh B
X, Koropsiit coBrasaer ¢ v ua [0, t] u ocTaéres B o1Hol 1 TOH ke TouKe Y(t) Ha [t, 1]. Torma
oToGpazkenue ¢ -5 [v,] ecTb myTh B X, KOTOPBIil ABISETCS TOHATHEM IIyTH 7, HAUATACTCS
B [ro] (romMoromuueckoM Kijacce MOCTOSHHOIO TYyTH B Xo) W 3akaHumBaercsa B [y]. Tak

Kak [y] € X — mpom3BoJbHAS TOUKA, 9TO MOKA3BIBAET, 9T0 X JTHHEHHO CBsI3HO. UTOOH
[POBEPUTH, UTO T ()?, [z0]) = 0, KoCcTAaTOYHO MOKA3ATh, YTO P, 7T ()?, [z0]) = 0. DuemenTor
B 00paze roMmoMopdu3Ma p, mpeJcTaBaeHsl netasMu 7y B (X, 2g), KOTOpble TTOJHAMAIOTCS
JIO TIeTesTh B ()? ,[%o]). MBI yke orMernan, 9To NyTh t > [y;] ABASETCS TOTHITHEM MyTH
v U HadmHaeTca B [xo]. To, 94T0 TOT myTh sABIgETCA METJaEH, o3Hadaer, uTo [y| = [zo].

CrenoBaTe/IbHO, IETJIA Y CTATHBaeMa U 00pa3 roMoMopdu3Ma p, TPUBHAJIECH. [

Ilpenmoxxkenune 8.8. [lycmo p: X > X — HAKpLIMUE ¢ 00HOCEAZHBLM X. Tozda s
A1006020 dpyzozo waxpuimus q: Y — X umeemca naxpoumue rv: X — Y, makoe, wmo
gor =p.
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Jlokasameavemso. 1o caepyer u3 TeopeMbl 8.6 (0 MOAHATHH OTOOPAKEHNUA). O

Baaromapsa aromy cBoiicTBy HakpbiTue p: X — X ¢ OJHOCBA3HBIM X HA3bIBAETCH YHU-
sepcasvHuLm HakpuiTHeM Ha X . VI3 TeopeMbl KitaccuuKanym U3 CJIeIyIOIEro moapas ie-
Jla CJIeJIyeT, 9TO YHUBEPCAJIbHOE HAKPBITHE €JIMHCTBEHHO ¢ TOYHOCTBIO JI0 H30MOpdu3Ma.

ITpumep 8.9. Orobpaxkenue S™ — RP" u3 npumepa 4.4.3 gBjsgeTcs YHUBEPCAJIbHBIM
HAKpBITHEM TpU 1 > 2. Tak Kak 9T0 HAKPBITHE JBYIUCTHO, U3 IIPE/JIOKEHUs 8.5 coreyer,
ITO TPUBHAJIbHAS mOArpynna mveeT unjekc 2 B w1 (RP™). [losromy m (RP") = Zs, n > 2.

Kiaaccudbukanuma HakpbiTuii. /IBa nakpeitus p;: Y — X u po: Yo — X uszomopdmo,
ecsiu cymiecTByer Takoit romeomopdusm f: YY) — Yo, uro p; = pof.

Teopema 8.10. ITycmv X — aunetino ceasHoe, A0KAALHO AUHETHO CBAZHOE U NOAYAO-
KaAbHO 00HOC6A3HOE npocmpancmeo. Tozda cyuecmeyem 63aummo 00HOZHAMHOE COOM-
BEMCMBUE MENHCIY MHOHCECMEOM KAGCCO8 U3oMOPPHuL narpumud p: (Y, yo) — (X, o)
(¢ coxpanenuem ommeuennol mouru) u muoscecmeom nodepynn 6 w1 (X, xg). Hpu amom
coomeememeuu Hakpumue p nepexodum 6 nodepynny pm1(Y, o).

Joxasameavcmeo. CHadama mokazkeM, 4to i joboit noarpynnsl H C m (X, zg) cy-
mectByeT Takoe HakpbitHe p: (Y y0) — (X, x0), uro p.m(Y,yo) = H. 3amaaum cireiy-
[OIllee OTHOIIEHNEe SKBHBATEHTHOCTH HA OJHOCBI3HOM (YHHBEPCAJBHOM) HAKDPBIBAIOIIEM
upocrpancrse X, BBe¢HHOM B Teopeme 8.7: [y] ~ [v'], ecoim (1) =+/(1) u [y][¥/]"! € H.
[Momoxum Y = X /~. Bamernm, uro eciu (1) = +/(1), o [y] ~ [y/] Torga u TosbKO
Toraa, Korga [yn] ~ [y'n]. D10 o3magaer, 4To ecim Kakme-aubO JABE TOUYKH B 0A30BBIX
OTKPBITBIX MHO2KECTBaX Uh] n U[,yl} OTOZKIACCTBJIIAIOTCA B Y, TO 9TU OTKPBLIThIE MHOXKeECTBa

OTOXKAECTBAAIOTCS TieuKkoM. CJieI0BaTe/IbHO, MPOEKIUS P: )?/N: Y — X, [v] = (1),
SABIACTCA HAKPBITHEM.

Bo3bMéM B KadecTBe OTMEYEHHON TOYKH Yo € Y KJIacc SKBHBAJEHTHOCTH [Xo] HOCTOSTH-
HOTO myTH B Touke Zo. Torma p,m (Y, yo) = H. Heiicteurensuo, nis nerim v B (X, xg)
o8 mozHATHe B X, HAUHAIOWEECS B [To], 3aKaHIMBACTCA B [], 09TOMY 06pa3 TOro moj-

HaTOrO MyTH B Y = X/~ Gyjer mersiéii Torma u ToJbKO Toraa, Korgaa [y] ~ [xg], a 3To
9KBUBAJIEHTHO TOMY, 410 [y] € H.

Tenepn mokazxem, uro jgBa HakpbiTus pi: (Yi,y1) — (X, x0) u pa: (Yo, y2) — (X, x0),
711 KOTOPHIX P14 (71 (Y1, y1)) = pas(m1(Ya, y2)), m3omopdubr. /leficTBuTesibHO, IO TEOPEME O
HOHATHH OTOOpazKeHHsI Mbl MOYKeM HOTHATH py 10 orobpazkenns pr: (Y1,11) — (Yo, y2),
JUIsT KOTOPOro pop; = p1. Ananormano moaygaeMm po: (Ya,y2) — (Y1,41), Aast KoToporo
p1p2 = po. Torna corstacHO e TMHCTBEHHOCTH MOJHSTHS MBI IMeeM pips = id u pap; = id.
Takum oOpa3oM, p; U Py — 0OpaTHBIE U30MOP(DU3MBL. O

I'padsi, cBo6oaubIie rpymmbl u Teopema Hunbcena—Illpaiiepa. B kadecTse npu-
JIOYKEHHS TEOPUHM HAKPBITHI MbI JIOKAXKEM BaKHYIO aJredOpandecKyio TeOpeMy O TOM, UTO
HOJITPYIIIA ¢BOOOIHON IpyHIbl ¢BoOOIHA. /loKazaTe becTBO OyIeT UCIOIb30BATh Psijl pak-
TOB U3 TeoPHUH IpadoB, KOTOPHIE MBI JIETKO JTOKAXKEM, UCIOJIb3YsI Pe3YJIHTATHI O KJIETOUHBIX
IPOCTPAHCTBAX.

I'pagom mazwbiBaeTCST OHOMEpPHOE KJieTouHOE npocrpancTBo X. HynbmepHbie KjeTkn
Ha3BIBAIOTCH eepwunamu rpada X, a ogHoMepHbIe KJAETKH — ero pébpamu. Ilodepagp
rpada X — 310 KaerogHoe noanpocTpancTBo Y C X (3aMKHYTOE HOIMHOZKECTBO, KOTOPOe
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apJisieTcst 00beuenneM BepinuH 1 pébep). Jepeeo — aro craruaembiii rpad. [Toarpad-
JiepeBo B X Ha3BIBAIOT MAKCUMAALHBLM, €CJTH OHO COJEPXKUT Bee BepimuHbl rpacda X . Kak
MBI YBHJIUM HHYKe, 3TO SKBHBAJEHTHO OOJIee OYeBUIHOMY OIpeIeIeHII0 MAKCUMATbHOCTH.

IMpennoxxenue 8.11. Jlwb6ot ceasunti 2pagp X codepocum makcumarvrioe 0epeso, u
A1000€e depeso 6 epaghe codepHCUMCEA 8 HEKOMOPOM MAKCUMAALHOM Jepese.

Joxazamenvcmeo. NMbl onuireM KOHCTPYKIIHIO, KOTOpas /s Kaxkaoro noarpada Xg C X
jpaér noarpad Y C X, couepxkaiuii Bce Bepinutbl rpada X, u JiepOpMaiMoOHHY 0 PeTPaK-
mmo Y = X,. B YaCTHOCTHU, B3siB B KadecTBe X OJIHY BEPIIMHY MJIK JII000e MOJIePERO,
MBI IOy IUM TpedyemMoe yTBEPIKIeHIE.

BuauaJje mocrpouM mocjieoBareibuocTh nojarpadgos Xog C Xy C Xy C .., e Xy
nosydaercs u3 X; jgobaBieHneM 3aMbIKaHUil €, Bcex pébep e, C X \ X, umenomux mo
Kpaiineii Mepe oauu komern B X;. O6bemunenue |J, X; orkpsiTo B X, Tak Kak KazKIas
TouKa U3 X; HMeeT OKPEeCTHOCTD, cojepzkalinyiocs B X; 1. Bosee roro, muoxecrso |J; X;
3aMKHYTO 10 akcuoMe (W) KIeTOIHOrO IPOCTPAHCTBA, KAK 00beIHHeHHe 3aMBIKAHHIN KJTe-
ToK. [Tostomy X = |, X;, Tak kak rpad X cBszen.

Ternepnb, aT00bI MOCTPOUTH Y, 1OJIOXKKUM BHadaJsie Yy = Xg. IIpeanosokumM 110 mHyK-
uu, 4To ye nocrpoen rpad Y; C X;, conepxaniuit Bce Bepiunb rpacda X;. Pacemorpum
rpad Y1, KOTODBIi Toydaercs u3 Y;, ecan 17st Kazk 1ol Beprmbl 13 X; 1\ X; 106aBuThH
0JTHO Pebpo, coeanHsIonee 3Ty BepiinHy ¢ Y;. O4eBuaHO, 9T0 nMeeTcst aedpopMalHOHHas
perpaknus Y, — Y;. Temepp mooxuM Y = U, Y;. Torma moxxuo mostydaurs aedbopma-
MUOHHYI peTpaknuio rpada Y wa Yy = X, aedopmanmonno perparupyd Y;. 1 Ha Y; B
TeYeHUE BPEMEHH U3 IIPOMEKYTKA [2%, 2i] Torma Touka = € Y;,1\Y; octaérest HEmoBIK-
HOIT JI0 9TOro MpOMeE;KyTKa, BO BpeMsi KOTOPOI0 OHA IepeMeliaeTrcd B Y;, a Iocae 3TOro
HPOJIOJIZKAET IIePEeMEeIAThCs, I0Ka He jgocturter Yy. Ioaydennas romoronus hy: Y — Y
HEIIPEPHIBHA, TAK KaK OHA HEIPEPBIBHA HA 3aMBIKAHHHU KayKI0I0 pedpa. O

ITpennoxxenue 8.12. [lycmv X — ceasunii 2pad ¢ marcumanrvrvm depesom T'. Tozda
m1(X) — ceoboduan epynna ¢ 6a3ucom, INEMEHMBL KOMOPO2O COOMBEMCMEYIOM PeOPaM

us X\ T.

Jloxasamenvemso. Tlpoekius X — X /T saBiasgeTcs roMOTONIYECKOH SKBUBATIEHTHOCTHIO
cormacuo caegnctsuio 4.8. @axkropupocrpancrso X /T sBisiercst rpadoM ¢ OTHOM BepIIH-
HOIt, a moToMy siBsisieTcst OykeToM okpyzkuocteit. [lostomy 7 (X) = 71 (X/T) — cBoGomnast
rpymnmna ¢ 6a3ucoM, 3JeMeHThl KOTOPOT0 COOTBETCTBYIOT pébpaM, He monapimum B 1. [

B kadecrBe cieacTBus 1moJjiydaeM, 9To rpad ABASETCs JAEPEBOM TOILA M TOJHKO TOIIA,
KOI'JIa OH OJIHOCBSI3€EH.

Jlemma 8.13. Jloboe naxpoisarowee npocmpancmeo epagda X maroce A8AAMCA ePpagom.

Hoxazameavcmeo. llycts p: Y — X — wmakpeitue. B kadyecTBe Bepiiun rpada Y Mbl
GepéMm juckperHoe MHOzKecTBo YO = p~1(X?). B kauectse pe6ép rpada Y mbl Gepém Bee-
BO3MOXKHBIE ITOJHATHS XapaKTepUCTHIeCKHX oToOpazkenuit I, — X OZHOMEPHBIX KJIETOK
e, mpoctpancrea X (T.e. pe6ép rpada X). Takue MOTHATHS HAYHHAIOTCS U3 3aKAHIMBA-
I0TCA B TOYKAX U3 YO, mpuuém JI1d Kaxkaoil Toukn u3 p~'(z), rme T € e,, CymecTByeT
eJINHCTBEHHOE TOIHATHE, MPOXOIAIIee Yepe3 3TY TOUKY. ITO 3a7aéT CTPYKTYpPY rpada
Ha Y. [losiygatoriasicss 1pu 9TOM TOIOJIOIUS HA Y — Ta Ke camasd, 9TO U UCXO/HAsST TO-
MOJIOTHSI, TAK KAK 00e TOMOJOTUH UMEIOT OJHHU U Te Ke 0a30Bble OTKPHITHIE MHOZKECTBA,
MIOCKOJILKY mpoekius p: Y — X gBjisiercs JIOKaJIbHBIM TOMEOMOP(U3MOM. 0
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Teopema 8.14 (Husbcen-Ilpaiiep). Jlobaa nodepynna c6o600noti epynnu, F c60600Ha.

Aoxazamenvemso. Ilycts X — rpad, s koroporo mp (X) = F, nanpumep, 6yKeT OKpY K-
nocreit. JIna xaxkmaoit moarpynnsl G C F' corsacHo Teopeme 8.10 cyimiecTByeT HaKpBITHE
p: Y — X, jaa xkoroporo p,(Y) = G, re. m(Y) & G, rak kak p, unbekrusuo. [o
upeapiayieit semme Y — rpad, nosromy rpymna G = m1(Y) ¢cBobomHA COMTACHO TIPEIO-
Kenuio 8.12. [

B orimume ot curyaruu co cBoOogHBIME abemeBbiM rpymnamvu, noarpynmna G C F cBo-
OoaHO# Tpynmbl F MoxKeT uMeTh O0JbIuil panr, dem rpynmna F. [Ipumepnl mpuseiensr B
3a/1a9axX HUZKE.

3amaun U ynpakHeHus.

8.15. IlocTpoiiTe nHakpbiTHe OyKeTa 2 OKPYKHOCTEH MPOCTPAHCTBOM, TOMOTOINUYECKH K-
BUBAJIEHTHBIM OyKeTy n OKpyzKHOCTel mpu n > 2. [locTpoiiTe HakpbiTHE TOBEpXHOCTH So
(kpemensi) MOBEPXHOCTHIO S, (cepoit ¢ g pyukamn) npn g > 2.

8.16. Jlokaxkure, 9aro st HakpbiTust p: X — X u j00bIx Touek x,x’ € X mmeercs B3a-
MIMHO OJIHO3HAYHOE COOTBETCTBHE MeK/y JUCKPeTHBLIME MHOzKecTBaMu p~ ' (x) u p~t(z').
MOIHOCTD MHOZKECTBA P~ () HASBIBACTCH “UCAOM AUCTOE HAKPHIMUA P.

8.17. Hakpsitue p: (X, 7o) — (X, zo) Ha3bIBaeTCS peayaaproim, ecan p,mi (X, To) — HOP-
MaJstbHas moarpynma B w1 (X, o). JlokauTe, 9T0 HAKPBITHE P PETYJISIPHO TOTA U TOJIHKO
TOrJa, KOrJa HUKaKad He'/I‘VJIH B X HE dBJIdeTCd O6pa3OM OJHOBPEMEHHO 3aMKHYTOT'O IIyTH
1 He3aMKHYTOIO IIyTH B X .

8.18. JIoKazKuTe, 9TO €CJIU P: ()Af ,To) — (X, zg) — peryasipHoe HAKPBITHE, TO CYIECTBYET
cBobomHoe seficTere rpymnsl G = w1 (X, xg)/psm1 ()N( , To) HA TPOCTPAHCTBE X, Takoe, 4TO
X = X /G (tounee, opOuTH ACHCTBAS COBIAZAIOT ¢ MHOZKecTBaMK p~ (7). Onpenesenne
jeficrBus rpyuibl G Ha npocrpancrse X u nupocrpanctsa opour X /G cm. B upumepe 1.10.
JHeiicrue rpynnbt G Ha X Ha3bIBaeTCs c60000HbILM, eciau jijist i060r0 g # e m x € X
BBITIOJTHEHO ¢ # X.

8.19. [leiictBue rpynmnbl G Ha TPOCTPAHCTBe Y HA3BIBaeTCH JuCKPEMHBLM, €CTH KazKIas
Touka y € Y obuagaer Takoit okpecTHOCTbIO U, uTO MHOXKecTBa gU, g € (G, momapHO He
nepecekaioTesd. Jlokaxkute, uto ecau rpynna G aeiicTByeT Ha Y CBOOOIHO M JIUCKPETHO,
10 ecrecTBeHHas upoekius p: Y — X = Y/G aBisiercsa peryjsipubiM HakpbiTueMm. boJiee
Toro, B atoM ciaygae mp(X)/p.m(Y) = G.

8.20. /lokaxkuTe, 9TO JABYJINCTHBIe HAKPBITHS peryadpHbl. llocTpoiiTe mpumMep Hepery-
JIAPHOIO TPEXJIUCTHOI'O HAKPLITHS HAJ OYKETOM JIBYX OKPYKHOCTEH W HaJl KPEHJIeJIeM.

8.21. Jlokaxkute, 9TO yCJIOBHUE MOJIYJIOKAJILHON OMHOCBA3HOCTU MPOCTpancTBa X HE0OXO-
JIAMO JIJIsE CYTIECTBOBAHUS OJIHOCBA3HOIO HAKPBIBAIOIIETO TPOCTpaHcTBa X .

8.22. TlocTpoiiTe npumep He MOJYJI0KAJIBHO OJHOCBI3HOIO IPOCTPAHCTBA.

8.23. [IpocrpanctBo X s40KaAGHO 00HOCEA3MHO, €CIU Y JIOOOW TOYKH CYIIECTBYET OJIHO-
CBsI3HASA OKPEeCTHOCTH. IlocTpoiiTe mpuMep MOJTYI0KAIBHO OJHOCBSI3HOTO, HO He JIOKAJHHO
OJHOCBSA3HOTO MPOCTPAHCTBA.

8.24. Tlocrpoiite yausepcaabHOe HaKpbITHE Ha Oyketom S!V S2.
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8.25. Tlocrpoiite yausepcaabHoe HakphITHe Haa Oykerom S'V St

8.26. /lokaxkure cjejytonlyio Bepcuto Teopembl 8.10, B KOTOPOH HE yUUTHIBAIOTCH OTMe-
YEHHbIE TOYKH: UMEETC B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKJy KJjaccaM U30Mopd-
HBIX HAKpbITHI p: Y — X u Kaaccamu conpszkéarocTr moAarpymi B m (X, xg).

8.27. /lokaxkuTe, YTO MaKCHUMAJIbHOE JepeBO MAaKCUMAaJbHO B TOM CMBIC]IE, 9TO OHO He
COJIEPXKUTCSI HU B KAKOM DOJIbIIIEM JIEPEBE.

8.28. Ilycrs G C Fy, — moarpymnma ¢BoOGOJHON rpymmbl panra 2 (¢ obpasyromumu a u b),
COCTOAIIAS W3 CJIOB 4éTHOH nnuubl. Hafimure panr rpynnsl . OuuimmTe HAKPBHITHE HAT
oykerom S'V St peamusytomue noarpynny G B m (St vV S1) = .

8.29. Ilycts G = [Fy, F3| C Fy — KoMMyTaHT cBOOOHOM IPyIIB panra 2. JJoKazKuTe, 410
G — cBobojHag rpymna GeckoHeunoro panra. OuumuTe HakpbiTHe Haj 6ykerom S!V St
peamusytomue noarpynny G B w1 (S vV St = F.

9. PACC/IOEHUSY

HaxkprbiTre J0KaJabHO YCTPOEHO KaK IPOU3BeJIeHUe Ha JIUCKpeTHOe MHOXKecTBO ['. O600-
IeHIe MOHATHUS HAKPBITUsI, IIPH KOTOPOM JIHCKPETHOE MHOXKECTBO 3aMEHSIeTCS Ha IPOM3-
BOJIBHOE TOMOJIOIMIECKOE IPOCTPAHCTBO F', IPUBOAKUT K MOHATHUIO PACCIOCHUSI.

JlokanbHO TpUBUAJIIbHBIE paccijioeHusi. CBOWCTBO momHATHA roMoromuu. .JIo-
KAALHO MPUBUAALHBM PaccaoeHuem Ha3biBaeTcs dersépka (B, B, F\p), tne E, B, F' —
IPOCTPAaHCTBa, a p — Takoe orobpakenme FE — B, 4uro Jiobag Touka r € B umeer

okpectHocth U C B, ayig koropoii cymecryer romeoMopdusm ¢: p~1(U) =y UXF ,
3aMBIKAIOIINI KOMMYTATHBHYIO JIAATPAMMY

p(U) -

~

U

[IpocTpancTBo F HA3BIBAETCS MOMAALHbM BPOCMPAHcMEeom, B basot, a F' croem TOKaTIb-
HO TPUBHUAJIBHOTO paccyioeHusd. JIOKaIbHO TPUBUAIBHBIM PacCJIOCHUEM TaKyKe Ha3bIBAIOT
otobpaxkenne p: E — B. [Ipoo6pas p~1(x) Toukn z € B HA3BIBACTCS CAOEM PACCAOCHUA
Had moukol x; O4eBUIHO, ITOT CJI0H romeomopden F.

JIOKa/IbHO TPUBHAJIBLHOE DPACCIOCHHE HA3BIBACTCH MPUBUAALHBIM, €CIU B THATPAMME
BBITIIE MOXKHO 1OJI0KUTH U = B; 310 B 4acTHOCTH O3Ha4aeT, yro [/ = B x F.

ITpumep 9.1.
1. HakpbiTue sBjgercsd JJOKAJIbHO TPUBUAJILHBIM PACC/IOEHUEM C JIUCKPETHBIM cjioeM F'.

2. IIpoexius enTsl MéOuyca Ha e€ cpeaHIOn JTUHUIO MPEICTABIsIeT cOD0 HeTPUBHAID-
HO pacCJAOeHHe HaJ OKPYKHOCTBIO CO CJI0EM OTPE30K.
_ a3 _ 2.1, (2 2 _ _Cpl — Q2 ..
3. llycts E = S° = {(20,21) € C*: |z0|*+|21|* = 1}, B=CP' = 5%, p(20,21) = [20 : 21]-
[TosydaeM JIOKaJbHO TpHBHAJbHOE pacciaoenue p: S° — S? co caoem F = S', koropoe

Ha3bIBaeTCsa paccaoeruem Xonga. B kavectBe muokecTB U u3 onpeeeHus PaccaI0eHUsT
MOZKHO B34Tb Uo = {[Zol Zl] € CP2I 20 7é O} u U1 = {{Zoi Zl] € (CPQi 21 7£ 0}
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KaK 1 HaKPbITUA, JIOKAJBbHO TPUBUAJIBHLIC DACCJIOCHIA O6JIa,ZLaIOT CBOIICTBOM IIOOHATHNA
romororun (cM. Teopemy 8.3). OmHAKO, BO-TIEPBHIX, HAKPHIBAIOIIAS NOMOTOTHSI, BOOOIIE
roBOPH, HE €JIMHCTBEHHA, a BO-BTOPBIX, HEOOXOAUMO HAJTOKHUTH HEKOTOPBIE JIOMOJTHUTEh-
HbIe YCJIOBHS Ha 0TOOpazkaeMoe IIPOCTPAHCTBO Z Wd Ha 6a3y pacciaoenus B. Mbl 1oka-
JKeM CJIeIYIONIYIO TeopeMy.

Teopema 9.2. Jlokarvno mpusuasvhoe paccaoenue p: E — B obaadaem ceoticmeom
NOOHAMUA 20MOMONUY NO OMHOWEHUIO K A00DM KACTNOYHDIM NPOCTPAHCEAM Z :

(5) 7 . E

- 7
G
i()j // lp
7

ZxI1-%~B

oxazamenavemeo. BHavyase Mbl ¢BeIEM CBOUCTBO MOAHSATHS TOMOTOIIUHU 110 OTHOIIEHHUIO K
JTIO6BIM KJIETOUHBIM TTPOCTPAHCTBAM Z K caydaio Z = DF,
CBOCTBO MOAHATUSI TOMOTOIUHN SIBJASETCS YaCTHBIM CJIydaeM 0ojiee oOIIero cBoiicTBa
nogHsTus i napbl (X, A), KOTOpoe ONUCHIBACTCS CJISYIOIel [uarpaMMoii:
f

A—F

~ 7

g
zl y
7/

x—-2-B
rae i: A — X — Biaoxenne. Torna cBoOiiCTBO IOIHATUS TOMOTOINH — 3TO CBOUCTBO IIO/HS-
Tust s mapel (Z X 1, 7). J1jist ipoBeieHust WHYKIUH [0 KJIeTKAM HAM HOHAI00UTCsT OTHO-
CUTeIbHAs BepCHs CBOMCTBA MOIHATHS TOMOTOINH, KO 1a TPeOYeTCs MOTHATH TOMOTOIIHIO
G: Z x I — B g0 romoronun G: Z x I — E| nauunnalomneiicd ¢ JJaHHOTO OTOOparKeHus
f: Z — E u nupoposnkaionieii moHaTHe G:AxI— E, yx)e 3a/1anHOE Ha TOIIPOCTPAH-
crBe A C Z. D10 He 9TO HHOE KaK CBONCTBO mojHstTHst Jjist Tapel (Z X [, 7 x 0U A x I):

ZxOUAx[—é;E

| 2

% - p
-

-~

ZxI—% . B

Teneppr Gynem BecTH MHAYKUMIO 1O KJeTKam npocrpancrsa Z. llpeamomoxum, 4ro
noguasaTre romorornnun G: Z X I — F yxe 3a7aHO Ha Z, a MBI XOTHM IPOJIOJIKATH
ero Ha mpocTpanctso Z' = Z U e, momyuaemoe 3 Z TpHUKIeHBaHUeM OAHOM KJIETKH
e® mpu momomm orobpakennsa OD* — Z. Tak KaK XapaKTepHCTHUECKOE OTOOPAKeHHe
DF — Z Uef s1oit kmeTkn aBasgeTca roMeoMopdu3MOM Ha BHYTPEHHOCTH IAapa, CBOHCTBO
nogusttust Jyist napbl (Z' X 1, 7' x 0U Z X I) 5KBUBAJEHTHO CBONCTBY LHOAHSATHS Jjisi TIAPbI
(D* x I, D¥ x 0UOD* x I):

DFx 0UAD" x [ —— (ZUe") x 0UZ x [ —“= E

¢ Al G-~ \
[ 7 ~ p
//
G

D* x I (ZUek) x I B
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Tax xak napst (D x I, D¥ x0) u (DF x I, D¥ x 0UOD¥ x I') romeomopdmbr, cBoitcTBO 10-
aarus s napwt (D x [, D¥ x 0UADF x I) skBuBaieHTHO CBOHCTBY TIOHSATHST TOMOTOINH
110 OTHOIIEHTIO K MpocTpaHcTBy DF:

DF—= - Dt x0UAD* x IS5 B

. a -~
20 7 _ - p
-
= G

DF x T - DF x I

OcTas0ch TPOBEPHUTDh CBOMCTBO MOAHATHA TOMOTONHNM J1d mapos D¥ mmu, 1ro pasmo-
cuibHO, Ky6os I*. I[lycrs G: I¥ x I — B, G(z,t) = g(x) — romoronus, KOTOpYIo MbI
XOTHM TIOAHATD, HAUMHASL C 33JaHHOTO HOTHATHA §o: I* — E orobpazxkennd gy: IF — B.
Bribepem orkpbitoe nokpsirue {U,} npocrpancrsa B BMecTe ¢ JIOKAJIbHBIMU TPHBHAJIH-

samuaMu 0, p(Uy) =, U, x F. Tak kak I* X I KOMIAKTHO, MBI MOKeM pa36urn I*
Ha MeHblnue Kyosl C, a I — Ha orpesku [; = [t;,1,41] Tak, 4T0OB oTOOpazKenue G epe-
BoAMIIO Kazkioe upoussesenne C' X I; B oquo MuoxkecTBo U,. IIpumensa unpyknuio 1o k,
MBI MOXKEM IIPeII0I0KATh, ITO TOMOTOIUI G = g; yoke moctpoena Ha 0C' I KazKI0ro
3 Masabix Ky0oB C. YTOObI MPOMOIKATE 3Ty TOMOTONHUIO §; HAa KyO C, MBI MOXKEM CTPO-
UTh §; HOCAEOBATENbHO HA KayKIOM OTpe3Ke [j. DTOT apryMeHT IO03BOJISIET HAM CBECTH
BCE K CJIy4alo, KOrja OTO6pa>KeHI/IS G uepesoaur Bech Ky6 I* x I B oguo MHOKecTBO Ul,.
Toryma mam yzxe mano mogmarme G: IF x 0U OIF x I — p~1(U,), KoTOpoe HeoOXOamMOo
IIPOIOIXKHTE 10 MOAHSITHI G:IFx1— p~H(Uy,). B3B KOMIIOBUIMIO ¢ JIOKAJIBHO# TPUBH-

amuzanueil o, : p~L(U,) — Uy X F MBI CBOJUM BCE K CJIyHUal0 TPUBHAILHOIO PACCIOCHUS:

Fx0UdIF x [—1sU, x F

Ik x T

B sToM caydae mepsad KoopanHaTa nognatud G: I¥ x I — U, x F aBadeTcd JaHHBIM HaM
otobpazkenneM G. BTopyio KOOpIHHATY MOMKHO ONpPEeIeJUTh Kak KoMmosunmio [F x I —
I*x0UdI* — F, rae mepBoe 0TOOpaskeHne — peTPaKIfs, a BTOPOe — BTOPasd KOOPANHATA,
JTAaHHOTO HAM oToOpaxkenusd f. O

Paccioenns B cvmbiciie I'ypeBsuua u Ceppa. Orobpaxkenue p: E — B Ha3bIBaeTCs
paccaoeruem 6 cmuicae Iypesuna, ecim OHO yIOBIETBOPSIET CBOWCTBY IOIHSTHSI TOMOTO-
i (5) M0 OTHOIIEHUIO K JI060MY POCTPAHCTBY Z.

Orobpaxkenne p: E — B HasbiBaeTcsa paccaoenuem 6 cmuicae Ceppa, ecam OHO yIo0-
BJIETBOPSIET CBOWCTBY MOMHATHS TOMOTONHHU (5) MO OTHOIIEHUIO K JIIOOOMY KJIETOUHOMY
IPOCTPAHCTBY Z .

Corniacao Teopeme 9.2, JIOKAJbHO TPUBHAJIBHOE PACCJIOCHUE SBJIAETCA PACCJIOCHUEM B
cmpiciie Ceppa. (Mmeer mecto Teopema [ypeBruua—Xio01ra, COMACHO KOTOPOH JIOKAJTBHO
TPUBHAJIBLHOE PACCIOCHUE SBJSETCS paccjoeHneM B cMbicie ['ypesuda, ecau 6asa B ma-
pakoMmakTHa.) BOT BayKHBIi IpuUMep PACCIOoeHUs B CMBICTIe ['ypeBruda, KOTopoe, BOOOIIe
I'OBOD, HE dBJIACTCA JIOKAJIbHO TPUBUAJIbHBIM.

ITpumep 9.3 (paccioenne myreii). Ilycts X — mpocrpascTBo ¢ orMedenHoit Toukoit. Ha-
HOMHEM, 9TO MpOCTpaHcTBOM myTeii Ha X HasbBaerca noamnpocrparctso PX C C(1, X),
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cocrosmiee u3 nyreii v: I — X ¢ v(0) = zy. Pacemorpum orobpazkenne
p: PX = X, ~v—~(1).

Torma p saBisieTcs paccioenueM B cMmbicye ['ypesuda. B camoMm jese, nycTh gansl f: Z —
PXuG:ZxI— X, cm (5). Torga makpoisatonas romoronnst G: Z x I — PX moxer
OBITD 3ajaHa caeaytonieii GopMyJIoil «IIPOIOIZKEHUS My Teis :

Gty = [UEGA 0] musirn <
’ B G(z,s(1+t)—1) mpms(l+t)>1.

Paccioenne p: PX — X maswiBaerca paccaoenuem nymeti ajas X. Ero cioem p~t(zg)
HaJ, OTMEYeHHOW TOUKO xg € X sBistercsa npocTpaHcTBo neresnh 2.X. Croi p_l(xl) HAT,
JII060#1 JIPYTOit TOYKOU IIpeIcTaB/IsgeT cODOi TPOCTPAHCTBO IIyTell U3 To B X1; JIETKO BUIETD,
YTO ITO IIPOCTPAHCTBO TOMOTOIMUYECKH SKBUBAJCHTHO IPOCTPAHCTBY Ieresb 2.X.

CoriacHO OIHOM W3 3aJa4 B KOHIE 3TOrO pasjiesia, BCe CJIOH PACCJOCHHUs B CMBICJIE
['ypeBu4a roMOTOTNYIECKH IKBUBAJICHTHHI.

Paccioenng u kopacciaoenuns. Teopema dakropusarnuu. /o KoHIA 3TOrO pasjesia
IOJI, PACCJI0CHHEM MBI OYIeM HOHUMATh Pacca0oeHHe B cMbIce I'ypeBuda, T.e. 0ToOpaXkeHue
p: E — B, yaoBieTBopsioniee CBOUCTBY MOAHATHs ToMoTomud (5) Jijist J11060ro Z.

JIBOiCTBEHHOE IIOHATHE KOPACCAOEHUA OLIPEIesaeTcs Kak oroopaxkenue i: A — X, yio-
BJIETBOPSIIONIEE CBOMCTBY MPOIOJIKEHI TOMOTOHH. MBI OIIpe/Ie/Isiin MOCAeIHee [T Tap
(X, A) B paznene 4. B 6ostee obieit curyanuu, roBopst, 4T0 orobpazkenne i: A — X 00-
JIATAET CE0UCMBOM NPOJOANCEHUA 20MOMONUY TIO OTHOIIIEHUIO K MPOCTPAHCTBY Z, €CIn
A moboro orobpazxenns f: X — Z uromoromnn F': AX [ — Z, rakoii, aro foi = Fy,
CYIIECTBYET T'OMOTOIIHSI F:XxI— 7, 1Jis KOTOpOi FO =fu Fo (i x id) = F. D10
OIIUCBhbIBAETCHA KOMMyTaTI/IBHOI/I I[I/IanaMMOI/I

(6) A—=71
7
zl // LPO
Ve
x-1.z
rie Z1 = C(1,7Z), F' — conpascénnoe orobpaxkenue K F (IIpoucxojiginee U3 3CHOHEH-

nnansnoro 3akona C(A x I,7) = C(A,Z1), re. F'(a) = v, tne y(t) = F(a,t) € Z),
orobpazkenne py nepesoaut v B Y(0), a F' — conpszkénnoe orobpakenue K F.
IIpumep 9.4.

1. Broxkenwne i: A — X KJI€TOYHOTO IMOAIPOCTPAHCTBA A KJIETOYHOIO IPOCTPAHCTBa X
SABJIETCS KOPAcCIOeHueM COTJIacHO Teopeme 4.7.

2. Biioxkenue BepxHero oCHOBaHUS IUJIMH/PA:
it X > XxI, xw—(z,1)

ABJISIETCS] KOPACCIOEHHeM. DTOT MpPUMeD JIBOUCTBEH K paccjioeHuto myTeil (mpumep 9.3).

3. Orobpazxkenne X — pt B TOUKy Beerjia AB/ETCA PACCTOCHHEM: B Ka4ecTBe HaKphIBa-
oueit rovoronnu G: Z x I — X MOKHO B3sTh m0CTOstHEYI0 romoronuio G(z, 1) = f(2).
OJiHAKO «/IBOHCTBEHHOE» OTOOpasKeHNe BJIOXKEHUs] TOUKH pt — X SIBJISIETCH KOPACCII0e-
HHUEM TOJIBKO JIJIst JOCTATOYHO XOPOIIUX HPOCTPAHCTB (HAIIPUMED, KJIETOUHBIX).
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Ilpennoxxkenme 9.5.
a) Ilycmo p: E — B — paccaoenue, f: B' — B — omobpasicenue u

E'—F

oo
B-1.B

— dexapmos keadpam, m.e. E' = {(e,Vt') € Ex B": p(e) = f(V')}. Toeda p': E' —
B’ — mootce paccaoenue.
6) Mycmov i: A — X — xopaccaoenue, g: A — A" — omobpascenue u

A2
X —~ X'

— kodexapmos xkeadpam (m.e. X' = X U A/ ~, 2de v ~ d, ecau x = i(a) u
a' = g(a) dan nexomopoeo a € A). Toeda i': A — X — mootce kopaccaoenue.

Jlokasameavemso. JTokaxkem a). PaccMoTpuM CBOCTBO MOAHSITHSI TOMOTONMUH JIst P':
Z £ E

~ 7
ZL G// l/ Lp
0 P p
s

ZxI-%-p_t.p

Tak kak p: E — B — paccjoenue, cyuiecrsyer nojusarue Z X I — E, KOTopoe BMecTe
¢ YHHBEPCAJIBHBIM CBOHCTBOM aekaproBa kBazapata (cM. (1)) maér Tpebyemoe mogusrue
G:ZxI—E.

Yreepkaenne 6) TOKA3bIBACTCS AHAJOIHTHO, UCIOIL3YS YHHBEPCATIBHOE CBOHCTBO KO-
nekaproBa KBajpata (cMm. (2)). O

Paccnoenue p': E' — B’ HasbiBaeTcs UuHIYUUuposaHHbLM PACCTOCHHEM P TPH TTOMOIIN
orobpaxenus f: B' — B.

Caenyiommas TeopemMa 0 (paKTOPU3AIUU MOKA3BIBAET, UTO JI0D0E 0TOOparKeHNe MOYKHO
Pa3J0KUTh B KOMITO3UITUTO TOMOTOIINYECKON 3KBUBAJIEHTHOCTHU U pacCjioeHnd, a TaKzKe B
KOMITIO3UIINIO KOpaCC/JIOeHud n TOMOTOIINYECKON 9KBUBAJIEHTHOCTH.

Teopema 9.6 (o dbakropusanuu oToOpazkeHus).
a) Jasa aobo2o omobpasicenusa f: X — Y cywecmseyem 20MOMonuueckas sK6UGa-
aewmmocmy h: X — X u PACCAOEHUE P X — Y, maxue, wmo f = poh.
6) Jaa aobozo omobpascenus f: X — Y cywecmeyem kopaccaoenue i: X — Y u
20MOMONUNECKaA FKEUGaIEHMHOCTIL B Y — Y, maxue, wmo f = hoi.

Jlokasamenvemso. JTokaxkem a). Ilycrs X — MHOXKeCTBO map (z, ), COCTOSIIIUX U3 TOYKH
reXnnytuy: I —-Y ¢ v(0) = f(x). D10 onuceBaeTcs A€KAPTOBLIM KBaIPATOM

fl

— V!

A
f

oy
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rie Y/ — npocrpancreo Beex myreit v: [ — Y, a orobpaskenue py nepesogut v B y(0).

Torma romoTonmuecKas 3KpuBAIeHTHOCTH h: X — X samaéres bopmysioi h(z) =
(2, Cf(a)), TO€ Cpzy s I — Y — mocTosHubI Iy Th ¢ — f(2), 1 MMeeM pacciioenue p: X Y,
p(z,7) = (1) (cBOHCTBO TOIHATHS TOMOTONUY MPOBEPSIETCS TAK YKe, KAK U JIJIsT PACCI0e-
HUsl TyTell B mpuMepe 9.3).

Hokazkem 6). [TycTn Y — dakTop-mpocrpancTBo mpoctpancTsa (X X )Y, mosydaemoe
npu oroxgecrsiennn (z,0) € X x [ ¢ f(zr) € Y. D10 onnceiBaeTcss KOAEKAPTOBBIM
KBa/IpaTOM

x—1 .y
g
Xx[—>Y

rie orobpazkenue ig mepesoaut x B (x,0).

TComoTomuyeckasi SKBUBaJeHTHOCTb h: Y — Y samaércs dopmynamu h(z,t) = f(x)

u h(y) = y, m MBI UMeeM Kopacciaoenue i: X — Y, i(x) = (x,1) (cpaBHUTE ¢ TpHMe-
pom 9.4.2). O

I[IpoctpamctBo Y = (X X I) Uy Y, HOCTpOEHHOE B JOKA3aTEIbCTBE yTBEPXKICHU O)
BBITIIE, HAZBIBACTCS YUAUHIPOM 0mobpascenus f.

3amaun U ynpakHeHUd.

9.7. 1o — o6obmenue upumepa 9.1.3. onoxkum E = S* 1 = {(z9, 2,...,2,)€ C"T!:
20| + ...+ |z? = 1}, B = CP", p(z0,.--,20) = [20 ¢ ... : 2,]. Jlokaxure, uTO
p: S?tl 5 CP™ — nokaJbHO TpWBHATIBHOE paccioenne co ciaoeM F = S'. Omo takxke
HasbIBaeTCd paccaoenuem Xondga.

9.8. JlokaxkmTe, 4TO paccioenue p: S — CP" u3 npeaplayInero yiparzKHeHns (B
JACTHOCTH, paccyioerne Xorda), HeTPHBUATBHO.

9.9. JloKazKuTe, UTO JIOKAIHHO TPHBHAJIbHOE PAcCIoeHTe Haj KyooMm I TpuBHaIbLHO.

9.10. /lokakuTe, YTO BCe CJIOU PACCJIOCHHS B cMBIcTe ['ypeBuda roMOTONMMIECKH SKBUBA-
JIEHTHBI.

9.11. JokakuTe, YTO BJIOXKEHUE BEPXHET0 OCHOBaHMS HIHAMHIpa i: X — X X I, v —
(x,1), sBisieTCst KOPACCJIOCHUEM.

9.12. /lokaxkure, 9TO ecjin X — KJIETOYHOE IIPOCTPAHCTBO U T € X, TO BJIOKEHUE 1. T —
X sBJsI€TCS KOPACCJIOEHUEM.

9.13. TlpuBegure mpuMep IPOCTPAHCTBA € OTMedeHHOH Toukoit (X, o), AJst KOTOPOro
BJIOKeHNE 1: o — X He gBJIIeTCS KOPACCTOEHUEM.

9.14. JTokazkuTe, 9TO pasozkeHue U3 TeopeMbl 9.6 a) ecTeCTBEHHO B CJEMYIONEM CMbICTe:
KOMMYTATHBHA JIHArpaMMa OTOOpaKeHuit

X—X

1

Yy —Y’
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IIPABOJIUT K KOMMYTATHBHONH AuarpaMMe pas3yoKeHuIt

X

NS
A A

X
f
Y Y’

Cdopmysupyiite 1 10KayKHTE aHATOTHIHOE CBOHCTBO €CTECTBEHHOCTH JIS DA3/IOZKEHUS
u3 TeopeMsl 9.6 0).

9.15. IIpocTpaHcTBO, rOMOTONMYECKH SKBHBAJEHTHOE CJIOIO paccioeHud p: X — Y us
TeopeMbl 9.6 a) Ha3BIBAETCA 2omomonuyeckum caoem orobpaxkenus f: X — Y u 06o-

sHavaercst hofib f. JlokazkuTe, UCIOIb3YS €CTECTBEHHOCTh KOHCTPYKIUHU X (CM. HPEeJbl-
JYILYTO 3a/1a4y ), 4TO TOMOTONUYECKHI CJIOH OnpeejiéH KOPPEKTHO: JIJIst JII0O0r0 JIPyroro
paznoxkenust f = p o h' B KOMIO3UIIUIO TOMOTOIMYECKON IKBUBaIeHTHOCTH h' U paccioe-
uus p’ npocrpancrso hofib f romoronnueckn 3KBUBAJICHTHO CJI0I0 paccaoenus p'.

9.16. lokakuTe, 9T0 FOMOTONMYECKHUiL cyioit oToOpaxkenus f: X — Y ecTb IpOCTpaHCTBO
F, Bxojsinee B IeKapTOB KBaJIpaT

F—— PY

x_ Iy
rae PY — Y — paccioenune myTeii.
9.17. ®akrop-npocrpancrso G =Y /i(X) = Y /(X x1) upocrpancrsa Y = (X x I) UrY
u3 Teopembl 9.6 6) (nmanHIpa 0TOGpaKEHHU) MO €ro BePXHEMY OCHOBAHHWIO HA3BIBAETCS
Konycom omobpasicenus f: X — Y. [IpocTrpancTBo, roMOTOIMYECKH SKBUBAJECHTHOE KO-

Hycy OTO6pa)KeHI/IH f Ha3BIBAETCI €r0 20MOMonuYeckum kocaoem. Takum 06pa30M7 MBI
nMeeM KOJEKapTOB KBaJdpaT

x—1.y

L

CX —G¢
rae X — CX — Binoxkenne X B OCHOBaHHE KOHYycCa. IIpoBepbTe KOPPEKTHOCTD OIpEIeie-
HIS TOMOTOIMYECKOr0 KOCJI0s 0 aHaJorun ¢ 3aa4eit 9.15.

9.18. Haitnure romoronudeckuii cioil Bioxkennsa Touku pt — X.

9.19. Haitaute roMoTONNYeCKU KOCTAOW MPOeKIUu B TOUKY X — pt.

9.20. Haiisure romoTonmyeckuii coil Biaozkenns oykera STV S! < St x St

9.21. Haiianre romoronmyeckuii cyioit Biaoxenust bykera CP* V CP* — CP>* x CP>.

9.22. Jlokazkure, 4TO rOMOTONHYECKas SKBUBaseHTHOCTH h: X — X u3 teopemst 9.6 a)

ABJISETCH KOPACCIOCHHEM, a TOMOTOINUYeCKasd SKBUBAJIECHTHOCTH h: Y — Y wu3 rteope-
mbl 9.6 6) — paccioenuem B cmbiciae Ceppa.
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10. TOMOTONIUYECKHWE T'PYIIIIHI

Onpenenenne. KommyraTuBHOCTh. /151 mpocTpancTBa X ¢ OTMEYEHHON TOYKON g
onpejesuM T, (X, Tg) KAK MHOXKECTBO TOMOTOMHYECKUX KJIaCCOB oTobpazkenuit f: S —
X, mepeBoIdIIUX OTMEUYEHHYIO TOUKY Sg cdepbl S™ B zo. CamMu 3TH O0TOOparKeHHS Ha-
3pIBalOTCA chepoudamu. Vnade cdepons MOXKHO HPEACTAaBHTL KaK OTOOparkeHue map
f (™ 0I™) — (X, xg), mepeBoggamuit rpanuity Kyba 01" B .

[Ipu n > 1 cymma aByx cheponnon f,g: S™ — X oupenessgercs Kak KOMIO3HIUS

ftgist S smvsn I x

rje oTobpazkeHne ¢ cTarubaeT sKparop S” 1 B cdepe S™ B TOUKY, U MBI BLIOHpAEM OTMe-
YEHHYIO TOUKY Sg Ha S™ Tak, 4TOOLI OHA MIPUHAIIEKAIA STOMY dKBaTopy. Ha Kybuueckom
SI3BIKE OTMEPAINST CYMMBI BBILJISIIUT cJeaytonum obpasom: ecau f,g: (1™, 01™) — (X, xg)
u (t1,...,t,) — koopaunarTbl B Kyoe I™, 10 cymMa [ + g oupeje/isercst Kak 0TobpazkeHue
(I",0I™) — (X, z0), 3amannoe Gopmyioi

1
(7) (f—|—g)(t17t277tn): f(2t1,t2,...,tn) le/logtl i,

<
g2ty — 1,5, ... t,) upu 5 <ty < 1.

Tak kak B onepaluu CyMMbl y4aCTBYET TOJbKO HEpBas KOOPJMHATA, T€ K€ caMble pac-
CYKJeHUst, 9TO U Jyisi 71 (CM. mpejjiozkenne 5.1) MOKa3bIBAIOT, 9TO CyMMa OIpe/eeHa
KOPPEKTHO Ha TOMOTONHMYECKUX Kiaaccax ceponnos u m, (X, xg) — rpynna, npuaém emn-
HUYHBIA 3JI€MEHT — IMOCTOsIHHOe oToOpaykenne I — x(y, a OOpaTHBIN 3JIeMEHT 3a1aéTCst
(bOpMyHOﬁ —f(tl,tg, e ,tn) = f(]. — tl,tg, e ,tn).

['pymma 7, (X, zo), n > 1, Ha3bBaeTCs n-it 20momonuyeckols epynnot upocTpancTea X .
dceno, aro m (X, xg) — T0 bymIamenTantbaas rpymna, a my(X, £g) — IPOCTO MHOMXKECTBO
KOMIIOHEHT JIMHEHHO cBsi3HOCTH TpocTpaHcTBa X (Ha HEM, BOODOIIE TOBOPS, HET ecTe-
CTBEHHOHN I'PpyUIIOBOM onepamm).

IIpengoxkenune 10.1. Tomomonuueckasn epynna m, (X, xg) Kommymamuena npu n = 2.

Hoxazamenvcmeo. Mel nmeem f + g ~ g + f mocpencTBoM TOMOTOINH, N300pazKEHHOI
Ha puc. 3. CHavajga roMOTONHS C:KAMaeT OOJACTH OonpejeneHnsd oTobpaxkeHuit f u g B

Puc. 3.

MeHbIue Kyonl B [", a 0obJIacTh BHE 3THX KYOOB O0TOOpazkKaeTcss B OTMEYEHHYIO TOUKY Xg.
B pesynbrate mosiBisieTcss ¢BOOOJIHOE TPOCTPAHCTBO, B KOTOPOM MOYKHO JBUTATh THU JIBA
Ky0ba KakK yroaHO, JIUIIb OBl OHH He mepecekaanch. [Ipu n > 2 UX MOXKHO MepecTaBUTh
MecTaMu. 3areM 00JIacTu OnpeieeHust 0OToOparKeHuit f 1 ¢ MOXKHO CHOBA YBEJIUIUTDH JI0
X MCXOIHOTO pasMepa. Bcio 3ty nporegaypy MOXKHO HIPOJeaaTh, UCHOAb3Ys JIUIIb KOOP-
JUHATHI t1 U t9, OCTABJIASA JIPyTUe KOOPAWHATH 0€3 N3MEeHEHMUII. ]
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Ecnu nmpocrpanctBo X JIMHEHHO CBA3HO, TO JII JIOOBIX JBYX TOYEK Tg, X1 € X TPYI-
bl 7, (X, 2g) 1 7, (X, 1) u3oMopdHB: n30MOpdU3M 331aETCS BHIOOPOM YTH U3 To B X1
(ympazxkuenue). 10T u3oMopdusM, BOoGIIe FOBOPs, 3aBUCUT OT IIyTH, BEPHEE OT €ro ro-
MOTONMIYIEeCKOro Kiaacca. Takum obpasom, ecsim X omuocssasno (r.e. mo(X) = m(X) = 0),
TO BCe TpyHibl m, (X, Tg) ¢ PA3IUIHBIMA T) KAHOHHICCKH H30MOPQHBL.

IIpengioxkenue 10.2. Omobpasicernue f: X — Y, makoe, umo f(xo) = yo, undyyupy-
em 2omomopdusm epynn fio: 7, (X, x0) = 7, (Y, 90). Ecau omobpascenusn f,g: X — Y
20MOMONHBLE, MO 20MOMOPPHUIMBL [y U gy cOBNGAAIOM.

oxazamenvemeo. DTO JTOKA3BIBACTCA aHAJOIMYHO COOTBETCTBYIONMIEMY yTBEPKICHUIO
Jtst QYHIAMEHTATBHON IpyNnbl (Tpeiokerue 5.2). 0

CnenctBue 10.3. Ecau f: X — Y — comomonuueckan 3K8UBAAEHMHOCTNG, MO OAL A0
601 mouxu xg € X comomoppusm fi: m,(X, x0) = m, (Y, yo) Asasemea usomopdusmonm.

IIpengoxxenune 10.4. /s aobwx npocmparncms (X, xo) u (Y, yo) umeem
7TTL<X X Y7 (l‘o, yU)) = 7T'n()(a 1'0) X Wﬂ(}/? yU)

Hoxasamenvcmeo. Orobpakenune Z — X XY — 3T0 TO ke caMoe, 9T0 napa 0TodparKeHuii
Z — X, Z — Y. Bsasp B kauectBe Z npocrpancrsa S™ u S X I, moxyaum tpedbyemoe. [

[peaaoxkenue 10.5. 7,(S*) =0 npun < k.

Jlokasameavemeso. D10 SKBUBAJIEHTHO Opeaioxkennio 4.12 (u BbITEKaeT U3 TeOpPeMbl O
KJIETOUHOI AITPOKCUMAITHN ). Il

OTHOCUTE/SIbHBIE TOMOTONUYECKNE T'PYMIbl. TOYHAA MOCJIEA0BATEIHLHOCTH Ma-
pel. Ilycrs (X, A) — mapa npocrpaHcrB ¢ oTMedeHHOH Toukoil xg € A. Oupeje-
auM 7, (X, A, o), n > 1, KAK MHOKECTBO TOMOTONHYECKAX KJIACCOB OTOOpaKeHUil map
f: (D", 8" — (X, A), uepesogiux oTMeYeHHYI0 TOUKY So € S™ ' = 9D" B x.
OTu 0TOOpaKEHUS HA3BIBAIOTCA OMHOCUMesvruMmu chepoudamy. Ha KyOmwdaeckoMm sg3bI-
Ke OTHOCUTEJbHBIH chepoun — 310 orodpazkerume f: [ — X, mepeomamee 0™ B A u
nepepogamee OI" \ "' B x¢, rae rpanp [ 3amaérea ypasmenweM t, = 0. Crarusa-
rue mognpoctpanctsa 1"\ I"1 B Touky mpeoGpasyer Tpoiiky (1™, 01" 01" \ I"') B
(D™, 5"t 50), mosTomy orobpakenue (D", S"1 x5) — (X, A, x9) — 3T0 TO XKe camoe,
uro orobpazkenue (1™, 0I", 01" \ ") — (X, A, z).

Omeparust cymmbl onpenensiercss B m,(X, A, xg) Toit ke dopmymnoii (7), 9ro u ajs
(X, T0), 32 MCKIIOUEHHEM TOTO, U4TO KOOPAMHATA t, UTDAET Tereph 0COOYI0 POJb U eé
GoJIhINe HeJTh3sl WCTOAB30BaTh JJIsi ofepanui cyMMbl. Takum obpasom, m,(X, A, xg) —
rpymmna opu n 2> 2, u 9Ta rpymnna komMmyrtarasaa upu n > 3. pynmna 7,(X, A, zg), n > 2,
HA3BIBAETCS OMHOCUMEAbHOT 20momonuseckols epynnot napsr (X, A).

[Ipu n = 1 mer momywaem [ = [0,1], I° = {0} u 0I' \ I° = {1}. CaenosarensHo,
m1(X, A, 9) — 970 MHOZKECTBO TOMOTOMUYIECKHUX KIACCOB Ty Tel B X U3 MepeMeHHON TOUKH
B A B pukcupoBannyto 104Ky xo € A. BoobIie roBopsi, 970 MHOKECTBO HEJIb3sl IPEBPATUTH
B I'PYIILY €CTECTBEHHBIM CIIOCOOOM.

[TocieqoBaTEIBHOCTD IPYIIT B TOMOMOPMDU3MOB

—>Gz+1ﬂGli>Gz,1fgl

HasbiBaeTcsa mounol, ecom Ker f; = Im f;, 1 mns mo6oro i.
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s maper npoctpancTs (X, A) un > 1 onpefeneHsl 0ToOpazKeHusI
b (A, 20) = T (X, 20), Ju: (X, 20) = mo(X, A, 20), O: mo(X, A, 29) — mno1(A, 20),

rae i, — orobpaykeHue, UHIYIHPOBAHHOE BIoKeHneM A — X, orobpazkeHHe j, IEPeBO-
Jur roMmoronndeckuit kiaace chepouga f: (1™, 0I1") — (X, xg) B roMoTOnMYeCKuUil KJIACC
ornocuresbnoro cdepoua f: (1™, 01", 01"\ I"™1) — (X, A, x), a orobpazkenne O nepe-
BOJMT IOMOTONMYECKHIT K/1acc oTHOCHTebHOrO cepouna f: (D™, S™1 s0) — (X, A, z0)
B romMoTonuyeckuii kiaace cdeponga flgn-1: (S"71 s9) — (A, z0). Ha xyGudeckom si3bike,
orobpazenue O nepesoput f: (I", 01", 01"\ I"') — (X, A, 29) B f|m-1: (["7H 01" 1) —
(A, xp). OTobpazKkeHus i, U J, ABJISIOTCS ToMoMopdu3MaMu mpu n > 1, a  aBJsieTcst ro-
MoMopdu3IMoM 1Ipu n > 2.

Teopema 10.6 (romoronumueckas HOCIEA0BATENLHOCTE Hapet). Ilocaedosamenvrocmo

. i WH(A’ 1'0) ﬁ} ﬂ.n(X’ .%’0) ﬁ) Wn(X’ A’ 1}0) ﬁ) anl(Aa 1'0) ﬁ> anl(X, fIfQ) ﬁ) ...
0,

R ﬁ) 7T1(X7 .I'()) £> Wl(X,A,Io) — 7T0(A,ZEO) ﬁ> 7T()<X, .T())
mouna das 10000 napu. npocmparcme (X, A).

Bamenanue. MuoxecrBo (X, A, r¢) He ABIAETCA PYNIONR, U TOTHOCTH B ITOM UJIEHE
o3HavaeT, 9To 1yid Joboro snementa [f] € m (X, A, xg), rae f: (D', 5% s0) — (X, A, x0),
obpas O|f] upejcrasiser orobpazkenue B Touky S® — T TOrAA U TOJILKO TOLJA, KOTJA
[f] = jlg] ana mexoroporo [g] € m (X, zp). AHATOrHYIHbIH CMBICT HMEET U TOYHOCTDL B
wrene (A, xg).

Joxazamenvcmeo meopemu, 10.6.

[Iposepum, uro Imi, C Ker j,. [lycts anement [f| € m,(X, x0) npegcraBien orobpa-
xkenuem f: (D", S"Y) — (X, x0). Hpeanosioxkum, uro [f] € Imi,, re. f: D" — X ro-
MOTOIHO 0TOOpazkenuio g: D™ — X, ast koroporo g(D") C A. Pacemorpum roMoTomuio
(medopmanmonnyto perpakuio) r,: D™ — D™ tne rg = id u r; — orobpakeHne B TOUKY.
Torga KOMIO3HIUS ¢ O 7'y YCTAHABJIMBAET MOMOTOIMIO MEYKYy OTHOCHTEIbHBIM Chepon-
aom g: (D™, St s0) — (X, A, z0), NpeacTaBIsiomuM 3j1eMenT j,[g], u orobpazkenuem
D™ — xg, upeacrasigomum 0, B Kjacce OTHOCUTEIbHBIX cdeponsioB. CieqoBaTebHO
jolf = j.lg] = 0, we. [f] € Ker j.

[Iposepum, uto Ker j, C Imi,. Ipeamonoxum, uro [f] € Ker j,, T.e. j.[f] = 0. 3aech
ynobno npenctasuth [f] € 7, (X, z9) orobpaxkennem f: (I™,0I") — (X, x¢). Torna j.[f]
lIpe/ICTaBIsgercst OTHoCUTe IbHbIM cepougom f: (1™, 01", 91"\ I"1) — (X, A, x4). Tomo-
Tonust Mexky f u 0TOOpaskeHMeM B TOYKY B KJIACCE OTHOCHTETbHBIX CEPOUIOB 3a1a8T
orobpazkerne F: ["T! = " x | — X, KoTropoe coBmajaeT Ha rpanu t,.; = 0 ¢ f, me-
peBoanT Tpawb t, = 0 B A orobpaskaer ocrasmyioca dacTh rparumsl 01" B x. Tlycts
I C "t — cewenne KyGa n-MepHO# WI0CKOCTBIO St, + (1 — s)t,41 = 0 (em. pume. 4). To-
ra gs = Flm: 17 = 1" — X — romoronus Mexy f = go 1 0TO0pazkeHneM g, KOTOpPoe
nepesoaut (1™, 0I") B (A, xo). Utak, Ml moxyaaem [f] = [g1] € Imi,.

[Iposepum, uro Im j, C Ker 0. [deiicrBurenbho, ecu [f| € m,(X, A, xo) aexur B Im j,,
TO OH mpencrapaen cdepougom f: (D", S"1) — (X, ). Ho Torma f|g»—1 ecTh oTobpa-
JKeHue B TOUKY, T.e. O[f] = 0.

[Tposepum, uro Ker 0 C Im j,. [Tycrs snement [f] € m, (X, A, xy) npencrasien orobpa-
xenmem f: (1™, 01", 0I" \ I"™') — (X, A, xg). Eciu [f] € Ker d, To nmeercss romoronust
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tn+1 xO
A ZTo
—
:UO f tl,---ytn
Puc. 4.

gi: I"V — A mexny flm-1: I"™! — A m oroGpaskenneM B TOUKY. PaccMOTpEM roMoTo-
mmio hy: OI™ — A, copnagaromyio ¢ g; va I" ™! n nepesonanryio O™\ I"~! B xy. Ilpumenssa
TEOpeMy O MPOJOJIZKEHHH TOMOTOIHMU Jiist KiaeTodnoil napsl (1™, 01™), nupogoszxkum hy 10
romorormu f;: [" — X Mexay JaHHBIM HaMm oroOpakenmem f = fy u oroOparkenu-
eMm f1, mepesogsgmum OI™ B xo. Torma fi: (I",0I") — (X, xo) mpeiacraBiaser 37eMeHT
[f1] € (X, o) m MBI umeeM Ji[f1] = [f], T.e. [f] € Im j,.

[Iposepum, uro Imd C Keri,. Ilycrs [f] € m,_1(A,z9) nexur B Im0, T.e. ce-
poun f: (I"1, 01" 1) — (A, xy) aBaseTca orpaHmYeHHEM OTHOCHTEIBLHOrO ceponma
g: (I, 01", 01" \ I"™1) — (X, A, xq). Torma f; = glpmn-1x: [P xt =1"1 = X ecrp
rOMOTOIHSA, CBA3BIBaIONIAsA fo = f ¢ orobpazkeHueM B TOUKY, T.e. i,[f] = 0 u [f] € Keri,.

[Iposepum, uro Keri, C Imad. Ilycrs [g] € m,-1(A, x0) nexur B Keri,, r.e. 3a1a-
na romororus gi: "' — X B X mexay go = g: (I"71, 01" — (A, z) — (X, 20)
n oTobpaskeHneM B TOUKy ¢i: I" ' — x. Torma 3Ta ToMOTONHS 3a7aéT OTOOparKeHme
oIV x T — X, f(ty, - tatstn) = i, (L1, - -, tn 1), IpeacTaBIsONCe COOOI OTHO-
curenbublil cepouy f: (I™,0I", 01" \ I"™1) — (X, A, 1), cykenue koroporo ua ["!
ectb g. Unave rosops, I[f] = [f|-1] = [g], T.e. [g] € Im 0. O

I'omoTonmyaeckas nmocyaenoBaTeIbHOCTh paccijioeHnd. llycts p: I/ — B — paccioe-
mue B empicse Ceppa, by € B u ¢y € E — orMeuennble ToUKH, p(eg) = by, u F = p~1(by) —
caoit Hagt by. imeem orobpazkenne nap

p: (E,F)— (B,b).

Jlemma 10.7. Omobpasicenue py: m,(E, F,eq) — m,(B,by) asasemesa uzomoppusmom
npun = 1.

Jlokasameavemso. Jlokaxkem, aro p, — moHomopdusm. Ilycrs p.[f] = 0 aas weko-
TOPOTO 3JEMEHTA [ﬂ € m,(FE, F,ey), UpeacTaBIeHHOTO OTHOCUTETHHBIM CHeponIoM
f: (D", 8"Y) = (E,F). Tak xak p,[f] = 0, cdbepoun f = po f: (D", S"1) — (B, b)
rOMOTOIIEH HyJI0 B B mocpejgctBoM romoronuu F: D" X [ — B wmn f;: D" — B, rae
fo=fmu fi: D" — by. Bocroab3yeMmcst cBOHCTBOM MOTHATHSA FOMOTOIIHH:

D' x0—1-E
- 7
) F -
Zoj // p
D"xI-L-B
DT0 AAET HAM TOMOTOIIHIO ﬁ: D" — E mexjay orobpazkeHueM f = ﬁ): (D™, 5" 1) —

(E,F) u orobpaxennem fi, ans kotoporo fi(E) C F (rak xak fi(B) = by). Taknu
obpasom, [f] = [f1] =0 B m,(E, F,ep) u p, — MoHOMOP(DU3M.
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Teneph gokazem, ato p,: m,(E, F,eq) — m,(B,by) — smumopdusm. Ilycrs smement
[f]: mn (B, by) npeacranien orobpaxkenuem f: (I 0I™) — (B, by). Bocronb3yemest ¢Boii-
CTBOM IIOJHATUSA FOMOTOIINHU CJIEIYIOIUM 00pa30M:

DI\ "' =T x LU x [ = E

| |
_ - p

" v

e ¢ — MOCTOSIHHOE OTOOpazKeHue B TOUKY €y € F (31eCh Mbl HCIOJIB3YeEM TO, YTO HAaPbI
(It x It x1UaIrmt x I) m (I"™! x I,1"! x 1) romeomopdubr). DTo madr mam
orobpaxenue f: I" — E, ajst KOTOPOro ]7(8]") C F, rak kak f(0I") = by. Takum
0b6pa30M, MBI IIOJIYYaEM OTHOCHTEIBHBIN cdepon f: (I, 01", 0I™ \ I"™') — (E, F,ep),
JIIST KOTOPOTO D, [f] = [f], Tak kak po f = f. Urax, p, — summopdus. O

Teopema 10.8 (roMoronmdecKasi MOCJIEI0BATEIBHOCTh PACCIOeH st ). Jaa paccaoenus 6
emoiene Ceppa p: E — B wad aunetino ceaswot 6aszot B co croem F umeem mecmo
MOYHGA NOCACIOBATNEALHOCTD

0 F ik E D B 1o} F Ty
—>7Tn( ,130) —>7Tn< ,.’170) — 7Tn( ,Io) — 7Tn,1< ,3?0) — ...

= (B, w0) 25 m(B, o) > mo(F, @) — mo(E, x0)

Jlokazamenvcmeo. TO BHITEKAET U3 TOMOTOMUIECKON mocTeoBaTeibuocTd napsol (F, F)
7 MPeIBIAyIIeil TeMMBI. [

Jameuanue. Kak Bugno u3 jgokazarenbcrsa JiemMbl 10.7, rpanmdnoe orobparkeHnue
0: mn(B,by) — mp_1(F, ep) MOXKHO ommcaTh ciaeayonumM obpazom. [ycrs [f] € m, (B, by)
upejcrasien cdepoumom f: (I",01") — (B,by). Pacemorpuv f Kak TOMOTOIHIO
It x I — B, cocroamyio u3 oTobpaxenuit g,: [" 1 — B, rne gy u ¢ — NOCTOSH-
HbIe 0TOOpazKeHud B TOUKY by. IlomHEMeM 3Ty romMorommio o romoronun g;: I 1 — E,
HauMHad C HOCTOAHHOTO oTobpazkenuda go: I ' — eg. OroGpazkennme ¢, yzke He Oy-
JeT ITOCTOSHHBIM OToGpazkKeHueM, HO OyaeT nepepoquth I~ ! B F. Torma cdepoun
g1: (I"1,0I" 1) — (F, eq) npeacrasnger snement J[f] € m,_1(F, ep).

IIpumep 10.9.
1. PaccMOTpPHM rOMOTONNYECKOI HOC/Ie 0BaTe bHOCTH HakphiTusg p: R — St co cioem
CYETHOE JUCKPETHOE MHOYKECTBO /-

o= T(Z) = T(R) = T, (SY = 1 (2) — .

Tak kak 7,(R) = 0 mpu Beex n u m(Z) = 0 upu k > 0, ©3 TOTHOCTH HOCTETOBATETHHOCTH
BBITEKAET, 9TO T, (S?) = 0 mpu n > 1.

2. Paccmorpum caieptytomuii pparMent roMoTonH4eckoil ocsie10BaTebHOCTh Pace.Io-
ennst Xonda p: S® — 52 co caoem S* (em. npmmep 9.1.3):

m3(SY) — m3(S%) B8 m3(S?) = ma(S) = m(S3) = m(S?) LA T (SY) — m(S?)
Tak kak m,(S') =0 mpu n > 1, 71(5%) = m3(S5%) = 0, MBI MOy 9aeM TOCTEIOBATENIBHOCTE

0— m3(S%) B 73(5%) = 0= 0 = m(S?) 2 Z 0



61

1%

Tak Kak 3Ta T0CIeJ0BATELHOCTL TOYHA Mbl TOJiydaeM, 4To 7a(S?) = Z u m3(S?)
73(5?). Amanoruuno nomydaem 7,(S3) = 7,(S?) npu n > 3. (Ha camom jsene Bce 3Tu
IpyIIbl ©30MOPQHBL Z, HO IIOKA MBI 3TOI0 J0Ka3aTh HE MOXKEM; 9T0 Gyier J0Ka3aHO B

BTOPOii 9acTH Kypca.)
Teopema VYaiiTxena.

Teopema 10.10 (Vaiirxex). Omobpascenue f: X — Y ceA3HOT KAemMOUHBT NpPO-
CMPAHCNG ABAALNCS 20MOMONUYECKOT FKEUBAACHMHOCTNDIO M020a U MOALKO Mo20da, Ko-
2da undyyuposarnve omobpasrcenus fo: m,(X) — m,(Y) asaaromea usomoppusmamu
AR 6CET M.

oxazameavemeo. Ecin f: X — Y — romoronudeckasi 3KBUBAJIEHTHOCTb, TO COTJIACHO
caepcrsuio 10.3 fo: (X, 29) — m,(Y, yo) siBisiercst usomopdusmom st Beex n. Ilpe-
HOJIOZKUM Terepb, 910 fi: T, (X, 20) — m,(Y, yo) siBiIsiercst uzomopdusmMom Jiist Beex n.
[To Teopeme 0 KJI€TOIHOIT ATTITPOKCUMAIINY MBI MOXKeM CIuTaTh oTobpazkenune f: X — Y
Kk1eTounbM. Jlaee npuveniy reopeMy o dakTopusanun oTo0pazKenns (Teopemy 9.6 6))
1 pas3yioKuM f B KOMITO3HIIHIO XY > Y, rne Y = (X x1)UpY — mummseap 0T06pa>Ke—

uHus f, oroOpazkenne Y — Y SBIAETCS FOMOTONIMECKO 9KBUBAJEHTHOCTHIO, 8 X — Y —
BJIOYKEHUE KJIETOYHOTO TOAIPOCTPAHCTBA.

Tem caMbiM MBI CBeJIM JIOKA3ATEIHCTBO K CIYYA0, KO [ — BKJIIOUYEHWE KJIETOIHOTO
noampocrpancTea X C Y. Tak kak f, — uszomopdusm g Bcex n, U3 rOMOTOIUYECKOi
nociaegosareabaoctd napbl (Y, X) BeITeKaeT, 9To Bee OTHOCHTETbHbIE pymibl m, (Y, X)
HyJsieBbie. MbI JIOKazKeM, YTO TOIJIA CyIIecTByeT nedopMarnumonHasd perpakmus ¥ — X.
Jpyrum ciaoBamu, JOKaxKeM, 9TO TOXKJecTBeHHOe orobpaxkenue id: Y — Y romoromuo
oTHOCUTENHbHO X OoTOOpaxKenmio B X .

[IpeamnosiokuM 10 WHAYKIUU, 9TO MbI YZK€ HOCTPOWIN TOMOTOIHIO OTHOCUTEIbHO X
Mesk Ty orobpazkennem id: Y — Y u orobpasennem g: Y — Y, st koroporo g(Y*1) C
X. Mycrs €® — nexoropasi k-mepuast knerka w3 Y \ X u @: (D* 0D*) — (Y, Y*"1) — eé
xapakTepucTHaeckoe orobpazkenne. Tak kak m (Y, X) = 0, kommosurust

go®: (D*,0D") — (Y, Y* 1) — (Y, X)

rOMOTOIIHA OTHOCHTeIbHO DD orobpaszkenuio B X. Tak kak Y* 1 Uef = YE-1 L D*/ ~,
3Ta FOMOTOIHMS WHYIIEPYET FOMOTOMMIO MEXLy 0TOOpazKeHueM glyk-1 .6 Y 1Uek — Y
n orobpaxkennem B X. IlpousBejsi Takyio rOMOTONHIO OJHOBPEMEHHO JIJIsI BCEX KJIETOK
e? C Y \ X u B3aB mOCTOAHHYIO TOMOTOTHIO Ha X, MBI HOJYYHM TOMOTOIHIO MEKTY
orobpazkenneM g|yr,x 1 orobpazkenuem B X. CoracHO CBOHCTBY MPOMOIKEHUS TOMOTO-
muu (Teopema 4.7), 9Ty TOMOTOIHIO MOYKHO MPOJIOJIKUTH J0 TOMOTOINH, OHPEIeTEHHON
Ha BCEM IPOCTPAHCTBE Y, U TeM CaMbIM JIOKA3aTeJIbCTBO IIara UHAYKIMH 3aBepIIeHo.
[IprMeHnB KOHEYHOE YHCJIO MArOB HHAYKIIUU, HOJIYIHNM J0KA3aTeJILCTBO B CJIydae, KO-
rJa pa3MepHoCcTh KaeTok u3 Y \ X orpanmdena. B obimem ciydae Mbl BBIIOJHSIEM TO-
MOTONHIO Ha k-M Tare WHAYKINH B TedeHHe BPeMeHH ¢ m3 oTpe3ka [l — 2%, 1 - 2,6%]
JI1060it KoHeuHBIi 0cTOB Y* B KOHIle KOHIIOB CTaHET CTAIMOHAPHBIM IIPH 9THX [OMOTOIIH-
AX, MOTOMY MbI MOJIY9IaeM KOPPEKTHO OHPeIeJEHHYI0 TOMOTOnu ¢y, t € [0, 1], mpudaém

a(Y) C X. 0

Teopema Vaiirxea He yTBEPkK/IAeT, YTO KJeToUHble HpocTpancTBa X n Y ¢ nzomopd-
HBIMH F'OMOTOIMYECKUMHU I'PyIIAMHU Oy/1yT FOMOTOINMYECKYT IKBUBATCHTHBIMA: U30MOPPU3-
MBI JIOJZKHBI WHIYIHPOBaThca oTobpazkennem X — Y. Hampmwmep, mpocrpanctsa S? n



62

S3 x CP>™ umeioT oflMHAKOBbLIE FOMOTOIMYECKHE IPYIIbl (yIIpaskHeHne), HO He FOMOTO-
IUYeCKN SKBUBATEHTHBI (3TOTO MBI TIOKa JOKA3aTh HE MOYKEM).

3amaun U ynpakHeHus.

10.11. /lokaxKkuTe, 9TO €CJIM IIPOCTPAHCTBO X JIMHEHHO CBA3HO, JIIOOOH MyTh U3 U3 T B T
3a1a6T n3oMopdusm Mexay m, (X, zg) u m,(X, 1), KOTOPbIil 3aBUCUT TOJBKO OT TOMOTO-
MHYIECKOT0 Kiacca myTH (¢ (DUKCHPOBAHHBIMA KOHIIAM M HAYAJIOM). YKa3aHUe: MOCTPOoiiTe
1 UCIoab3yiiTe orobpaxkenne w: S™ — S™V I.

10.12. [JoxazKuTe, 49TO €CJIH P: (X,fo) — (X, 29) — HaAKpBITHE, TO HHJIYIHPOBAHHOE
orobpaxkenue p,: m,(X,Zo) = m,(X, o) — uzomopduszm npu n > 2.

10.13. Hdokazxwure, uto 7,(S* VvV S) = 0 npu n > 2.
10.14. Haiiaure romoronudeckue rpynibl Kperaess (chepbl ¢ AByMsT DyUKaMu).

10.15. Jlokaxkure caeayloinee yrBepKIAeHne, N3BECTHOE KaK AEMMA 0 I 20MOMOPHUIMAL
WA NPOCTO J-nAemma. Ilyctn

Gl GQ G3 G4 GS

o

H, H, Hj H, H;

— KOMMYTATUBHAs JIHarpaMMa I'PYIIl 1 FOMOMOPMU3MOB, CTPOKH KOTOPO# ABJILIOTCSA TOY-
HBIMH [TOC/IeI0BATEILHOCTAME. Toraa

a) ecnu fo u fy — MorOMOpdU3MBL, a f; — smumopdusM, To f3 — MOHOMOPGHU3M;
6) ecau fo u fy — suumopdusmbl, a f5 — MoHOMOPDU3M, TO f3 — ITUMOPDU3M.

Takum obpasom, ecnu f1, fa, fa, f5 — H30MOpAU3MBL, TO U f3 — H30MOPMHU3M.

10.16. Beeaure oTo0pazKeHHsT M JOKAXKUTE TOYHOCTH 20MOMONUYeckols nocaedosamenn-
nocmu mpotiku (X, A, B) (tne AC B C X):

=5 (A, Boarg) =5 mu(X, Boo) <5 m(X, A o) 5 muoa(A, Brg) <

2 (X, B ag) 2 mi (X, A, 2)

10.17. Ucnoan3ys Geckorednoe paccioenme Xomda p: S®° — CP> co caoem S goka-
xute, 910 To(CP>®) = Z u mp,(CP>) = 0 npu k # 2.

10.18. Joxazkute, uto npocrpanctsa S? u S° x CP™ uMeroT oJuHAKOBbIe FOMOTOINYe-
CKHe T'PYIIIILL.

10.19. Jokaxwure, uro m,(2X) = 7,11 (X) aus so6oro X npu n > 0.
10.20. Jloxaxwure, uro 2CP>® ~ St

10.21. Jlokaxkure 3-MepHYIO TeopeMy DBpayspa: i000e HempepbiBHOE OTOOparkeHne
f: D3 — D? uMeeT HEHOIBIKHYIO TOUKY.
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