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Geodesics in the Discrete Heisenberg Group
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In my research, I study geodesic words in the Discrete Heisenberg group H(Z). This
group is a subgroup in the continuous Heisenberg group H(R) of some matrices with
real coefficients.
Geodesic words in the alphabet of two generators correspond to the shortest words
representing a given element and play an essential role in the geometric group theory
of H(Z). They are connected with geodesic curves in H(R). There is an important
2016's conjecture in geodesic growth theory related to the behavior of geodesic words
in H(Z). In 1989, M.Shapiro introduced a geometric interpretation of words in H(Z)
in terms of polygonal chains on a plane lattice Z×Z. He used this to study
combinatorial and geometric properties of the language of geodesics and proved that
it is not regular (in the sense of CS). In 2017, while studying boundaries at infinity of
finitely generated groups, A.Vershik and A.Maluytin have found a grammar
description of so-called «infinite geodesic words» in H(Z) i.e. infinite words whose
any finite prefix-subword is geodesic. They noticed that there exist some geodesic
words that cannot be described as prefixes of some infinite geodesic words, and also
geodesic words (for example, geodesic words that correspond to closed polygonal
chains) that cannot be continued to longer geodesic words even by one letter. In
geometric group theory, such words are called dead end words. It turned out that the
structure of geodesic words is complicated and unclear.
In my research, I give a complete description of geodesic words in H(Z). It turned out
that all geodesic representatives of dead end elements correspond to closed polygonal
chains that enclose oriented polyominoes of the minimal perimeter with a given area.
The most unexpected is that any geodesic word in H(Z) is a prefix of some dead end
word. This gives an amazing connection between the language of geodesic words in
H(Z) and polyominoes, which was never mentioned or noticed before. As a result, the
open problem of describing geodesic words in H(Z) was completely solved. It is
remarkable that the group H(Z) is a free nilpotent group of rank two, so my results
imply that any geodesic word in any nilpotent group of rank two is a part of minimal
perimeter polyomino. My methods also give a new approach to the rationality of the
geodesic growth of groups problem, stated in 2016.
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