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Most distribution systems start 
from the source of production, then 
the products will be sent to each 
authorized distribution center and 
to the consumers.

The product distribution system 
looks similar to a graph.
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The product distribution system begins to transport products to the biggest intermediary 
in the distribution channel and continues lowering until the consumers in which this 
specific behavior is similar to the flow network on Lexicographic product of graphs.



Lexicographic Product of Graphs

Definition : The path graph Pn is a graph
where n vertices can be listed in order u1, u2,
…, un such that the edges are {ui, ui+1} where i
= 1,2, …, n.

Path graph

Definition : An empty graph Kn is a graph
with n vertices and zero edges.

Empty graph

Example of P4

Example of K3
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Lexicographic Product of Graphs

u1

=

P4

u2 u3
u4

v1

v2

v3

K3
P4[K3]

6

Introduction

Flow Network

Lexicographic 
Product

Our work

Results



Flow network or transportation network

C 

A 

B D 

E 

F 

Source
Sink

• Directed graph
• Capacity
• Source, which has 

only outgoing flow
• Sink, which has only 

incoming flow
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Flow Network Definition
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Flow Definition
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Definition of Efficiency
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Definition of Efficiency

The efficiency of distribution channel
Milan Andrejic (2016)



Objective

• To deduce important theorems about how to find the most efficient way 
to transport supplies on 𝐵𝑚,𝑛 which can be further applied to real life 

product distribution
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Results
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1. Minimum time flow solution in
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2. Maximum flow solution
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3. Bounds on maximum efficiency
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4. Maximum flow implies maximum efficiency

16

Introduction

Flow Network

Lexicographic 
Product

Our work

Results



4. Maximum flow implies maximum efficiency
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4. Maximum flow implies maximum efficiency
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a+b, x
a, ka

d, kd
c+d, x b+d, x

a+c, x

When x= k*(a+b+c+d)/4

Consider eff 4 – eff 1 = 
𝑎+𝑏+𝑐+𝑑

𝑘1
+

𝑘2

2𝑥+𝑘𝑑
= 1 +

2𝑥+𝑘𝑎

2𝑥+𝑘𝑑
> 1 +

𝑘𝑎

𝑘𝑑

> 1 +
𝑎

𝑑

> 1 +
𝑎

𝑎+𝑏+𝑐+𝑑

> 1 +
𝑎

𝑘1

>
𝑘2

2𝑥+𝑘𝑎
+

𝑎

𝑘1
= eff 1

Consider eff 4 – eff 2 =
𝑎+𝑏+𝑐+𝑑

𝑘1
+

𝑘2

2𝑥+𝑘𝑑
−

𝑎+𝑏

𝑘1
+

𝑘2

2𝑥+𝑘𝑏

= 
𝑐+𝑑

𝑘1
−

2(𝑑−𝑏)(3𝑎+𝑏+𝑐+𝑑)

(𝑎+3𝑏+𝑐+𝑑)(𝑎+𝑏+𝑐+3𝑑)

=

> 0
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a+b, x
a, ka

d, kd
c+d, x b+d, x

a+c, x

When x= k*(a+b+c+d)/4

Consider eff 4 – eff 3 =
𝑎+𝑏+𝑐+𝑑

𝑘1
+

𝑘2

2𝑥+𝑘𝑑
−

𝑎+𝑏+𝑐

𝑘1
+

𝑘2

2𝑥+𝑘𝑏

= 
𝑑

𝑘1
−

2(𝑑−𝑐)(3𝑎+𝑏+𝑐+𝑑)

(𝑎+𝑏+3𝑐+𝑑)(𝑎+𝑏+𝑐+3𝑑)

> 0

=

Therefore, eff 4 > eff 1, eff 4 > eff 2, eff 4 > eff 3 for all positive real number x.
Meaning that maximum flow implies maximum efficiency.
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4. Maximum flow implies maximum efficiency

21

(a,1) (c,1) (d,1) (b,1)

(d,4) (b,4) (a,4) (c,4)

(b,2) (a,2) (c,2) (d,2)

c,3) (d,3) (b,3) (a,3)
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4. Maximum flow implies maximum efficiency
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4. Maximum flow implies maximum efficiency
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Further improvement
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1. Finding sharper lower and upper bound
2. Coding of program to extend the result of “maximum flow implies 
maximum efficiency”
3. Finding an explicit algorithm on finding maximum-efficiency flow on
4. Implementation of the study into more real situations

,m nB
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