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CONTAINING GEOMETRIC OBJECTS WITH RANDOM
INSCRIBED TRIANGLES IN A CIRCLE

Chan Tsz Hin
10 grade, Hong Kong Pui Ching Middle School, China

Mr. Lee Ho Fung, Master of Philosophy in Mathematics
of the Chinese University of Hong Kong

In this paper, we aim to investigate the probability of an inscribed triangle in a
given circle containing certain geometric objects. Our paper is motivated by a
Putnam problem in 1992.

We study three generalizations in containing: (i) an arbitrary point, (ii) an
arbitrary line segment which lies on a diameter, and (iii) a concentric circle.

For the case of an arbitrary point, a closed form expressed by the Spence’s
function is obtained. For the case of an arbitrary line segment, we use numerical
approximations to calculate the probability, namely the trapezoidal rule and the
Monte Carlo integration. For the case of a concentric circle, we successfully find an
explicit formula that depends on the radius of the concentric circle.

FROM CLOSE MATCH PROBLEM TO THE
GENERATION OF IDENTITIES OF BINOMIAL
COEFFICIENTS AND TRIGONOMETRIC TERMS

Cheung Pui Sang Joshua
11 grade, Hong Kong Pui Ching Middle School, China

Mr. Lee Ho Fung, Master of Philosophy in Mathematics
of the Chinese University of Hong Kong

This paper is inspired by a problem in 2013 Australian Mathematics Competition,
regarding the number of ways can the first 12 goals of a hockey game be scored if
the difference of scores of the teams have never exceeded 2. We firstly solved the
original problem with a counting method. Then we generalize the problem and solve
it using two different approaches, namely combinatorial method and matrices
method, while the latter method is also used to deal with the probabilistic aspect of
the problem. In the former method we constructed a “pseudo-Pascal triangle” and
used its properties to eventuate a formula, and in the latter we have defined a vector
and tridiagonal Toeplitz matrix, diagonalized it with help of some trigonometric
identities and come up with another formula. Finally, we generate some interesting
identities relating of binomial coefficients and trigonometric terms.



GEOMETRIC AND ALGEBRAIC
PROPERTIES OF TWIN GROUPS

Krivovichev Aleksei

11 grade, Laboratory for Continuous Mathematical Education,
Saint-Petersburg, Russia

Scientific advisor: llya Alekseev, Laboratory of Modern Algebra
and Applications, research assistant

In our research, we will study the theory of doodles and twins, which is sub-
theory of combinatorial topology. Twins are similar to braids shadows, whereas
doodles are similar to links shadows. A doodle on a surface is a union of several
closed curves that are intersecting transversally. For twins and doodles, the first and
the second Reidemeister moves are only allowed. Due to M. Khovanov, any doodle
can be presented as a closure of some twin. This means that any regularity between
doodles can be stated in terms of twins so it is natural to study twin groups on
several strands. These groups belong to the class of right-angled Coxeter groups and
one can ask which general group theory problems can be solved for them. For
example, the geometric group theory of right-angled Coxeter groups is well known,
but it would be interesting to find exacts answers for some questions like
determining cone types. Indeed, using cone types of the twin groups one can derive
some algebraic properties of twins and hence doodles. In their 2017 year paper, V.
Bardakov, M. Singh, and A. Vesnin ask whenever twin groups are residually
nilpotent. We develop geometric methods in order to find an answer to this open
guestion. In general, the theory of lower central series for right-angled Coxeter
groups is an open and complex field. We give a complete description of the cone
types. More precisely, we introduce some special classes of twins called basic
involutions and prove all cone types are exhausted by their cone types. Moreover,
we prove that every involution is conjugate to some basic involution. What is more
important, we prove that all twin groups are residually nilpotent. It seems that our
methods can be generalized for all right-angled Coxeter groups.

Bibliography:

1. Bardakov V, Singh M., Vesnin A. Structural aspects of twin and pure twin

groups, 2018.
2. Khovanov M. Doodle groups, 1997.

3. Gongopadhyay S. Dey, K. Commutator Subgroups of Twin Groups and
Grothendieck’s Cartographical Groups, 2018.



GEODESICS IN THE DISCRETE HEISENBERG GROUP

Magdiev Ruslan
11 grade, Laboratory for Continuous Mathematical Education,
Saint-Petersburg, Russia

Scientific advisor: llya Alekseev, Laboratory of Modern Algebra
and Applications, research assistant

In my research, I study geodesic words in the Discrete Heisenberg group H(Z2).
This group is a subgroup in the continuous Heisenberg group H(R) of some matrices
with real coefficients.

Geodesic words in the alphabet of two generators correspond to the shortest
words representing a given element and play an essential role in the geometric group
theory of H(Z). They are connected with geodesic curves in H(R). There is an
Important 2016's conjecture in geodesic growth theory related to the behavior of
geodesic words in H(Z). In 1989, M.Shapiro introduced a geometric interpretation
of words in H(Z) in terms of polygonal chains on a plane lattice ZxZ. He used this
to study combinatorial and geometric properties of the language of geodesics and
proved that it is not regular (in the sense of CS). In 2017, while studying boundaries
at infinity of finitely generated groups, A.Vershik and A.Maluytin have found a
grammar description of so-called «infinite geodesic words» in H(Z) i.e. infinite
words whose any finite prefix-subword is geodesic. They noticed that there exist
some geodesic words that cannot be described as prefixes of some infinite geodesic
words, and also geodesic words (for example, geodesic words that correspond to
closed polygonal chains) that cannot be continued to longer geodesic words even by
one letter. In geometric group theory, such words are called dead end words. It
turned out that the structure of geodesic words is complicated and unclear.

In my research, | give a complete description of geodesic words in H(Z). It turned
out that all geodesic representatives of dead end elements correspond to closed
polygonal chains that enclose oriented polyominoes of the minimal perimeter with a
given area. The most unexpected is that any geodesic word in H(Z) is a prefix of
some dead end word. This gives an amazing connection between the language of
geodesic words in H(Z) and polyominoes, which was never mentioned or noticed
before. As a result, the open problem of describing geodesic words in H(Z) was
completely solved. It is remarkable that the group H(Z) is a free nilpotent group of
rank two, so my results imply that any geodesic word in any nilpotent group of rank
two is a part of minimal perimeter polyomino. My methods also give a new
approach to the rationality of the geodesic growth of groups problem, stated in 2016.



Bibliography:

1. Vershik A.M., Malyutin A.V. Infinite Geodesics in the Discrete Heisenberg
Group, J Math Sci (2017) 232:121.

2. Shapiro M. A geometric approach to the almost convexity and growth of
some nilpotent groups, Math. Ann., 285, (1989).

3. Clary M., Margalit D. Office Hours with a Geometric Group Theorist,
Princeton University Press (2017)

ON MINIMAL CROSSING NUMBER BRAID DIAGRAMS
AND HOMOGENEOUS BRAIDS

Mamedov Geidar
11 grade, Laboratory for Continuous Mathematical Education,

Saint-Petersburg, Russia

Scientific advisor: llya Alekseev, Laboratory of Modern Algebra
and Applications, research assistant

In my research, | study braids, especially minimal crossing number diagrams of
braids. Diagrams of braids correspond to words (in the standard Artin generators) in
braid groups so that minimal crossings number diagrams correspond to geodesic, i.e.
shortest words in the sense of geometric group theory. There is a problem due to
J.Stallings (problem 1.8 in Kirby's List) whether geodesic braid words are closed
under end extension (replacing a final letter “s” by “ss...s”). Stallings conjecture
states that any geodesic word in braid groups is expandable. On the one hand, a
behavior of geodesic words in braid groups is unclear and complicated because
there are no general necessary or sufficient conditions on a braid word to be
geodesic. On the other hand, there are outstanding problems on minimal diagrams of
knots and links, some of which are solved. In his paper, J. Stallings introduced
homogeneous braid words. They are important because of their relation to fibered
links. A special case of homogeneous words is positive words, which are all
geodesics. The class of homogeneous braid words also include a class of alternating
braid words. We prove the following result:

Theorem 1. Any homogeneous word is geodesic.

This implies that Stallings conjecture holds true for homogeneous braid diagrams.
In particular case for positive words, this fact is well known. We also study some
asymptotic relations between the number of homogeneous braid words and geodesic
words. We make the following conjecture:

Conjecture. A word representative of a homogeneous braid is geodesic if and
only if it is homogeneous.
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We prove this conjecture for alternating braids.
Theorem 2. A word representative of an alternating braid is geodesic if and only
If it is alternating.
Bibliography:
1. Kirby, Robion. (Ed.). Problems in Low-Dimensional Topology, 1995
2. Stallings, John. Constructions of fibred knots and links, 1978

3. M. Clary, D. Margalit, Office Hours with a Geometric Group Theorist,
Princeton University Press, 2017

THE STUDY OF AREA OF GEOMETRIC FIGURES
OBTAINED BY CONSTRUCTING SQUARES ON THE
SIDES OF A TRIANGLE

Mr. Paschakapan Saichon, Mr. Pholphum Kamthorntaksina
And Mr. Thanaphume Leksakulchai
10/11 grade, School Mahidol Wittayanusorn, Thailand

Advisor: Dr. Thanatkrit Kaewtem, Co-Advisor Dr. Kirati Sriamorn
Department Mathematics and Computational Science

Given a triangle, we construct three squares on the sides of the triangle, and then
draw three line segments connecting pairs of adjacent corners of the squares, and
attach three squares on the segments. This project aims at investigating area of
the geometric figures arising from the construction when the procedure is
repeated. Using Geogebra and elementary geometry, we obtain explicit formulas
for sequences of area of the figures in each step of the construction.

BUJIBSIPJIBI C IOJKPYTKOM

bapaamos Uibst, bannos [denuc
11/10 kaaccol, Cneyuaau3upo8aHHblll y4ebHo-HAyYHbIU yeHmp (pakysbmem) -
wkoaa-uHmepHam umeru A.H. Koamozoposa Mockosckozo 2ocydapcmeeHH020
yHugepcumema umeHu M.B. /lomoHnocoea, Mockea

Hayunebiii pykoBogutens: ctapmuit 1adopant CYHI MI'Y Hukura
Koncrantunosuu bamaes

B namieit paboTe Mbl U3ydaeM pa3inyuHble CBOWCTBA «OUJIBSAPAOB C OJKPYTKONY.
OtMetrum, yTOo Hama paboTa OblUIa BAOXHOBJIeHa 3amadei Ne 3 ¢ 7-ro CaHKT-
[leTepOyprckoro TypHHMpa IOHBIX MaTEMaTHKOB. BWIbSpIAHBIA CTOJ MOJaraercs
HEKOTOPBIM MHOTI'OYTI'OJIbHUKOM, IIAp IPU 3TOM JABUKETCA IO AyraM OKPYXHOCTEH.
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WN3HayanpHO MIap HA4YMHAET JABUTaTbCAd IO Jyre HEKOTOPOM NPOU3BOJIBLHOM
OKPY’KHOCTH, a TMOCJI€ yAapa O CTEHKY IPOJOJDKAET JBWKEHHE IO JyIe
OKPYXHOCTH, 3€pKaIbHO-CUMMETPUYHON JaHHOH. OCHOBHYIO pOJIb B HallleM
WCCIIEIOBAHUM UIPAET NOHATHE «pa3BEPTKU» Tpaekropuu. K mpumepy, B cirydae
KBaJIpaTHOT'O OMJIBSPAHOTO CTOJIA, OHO MO3BOJISIET JOKA3aTh, YTO TPAEKTOPHUS BCETAA
3aMKHyTa, a TaKXe IIOCTPOUTh TPAEKTOPUM C pa3HbIMH 3aMeE4YaTeIbHBIMU
CBOMCTBAaMU.
Hamm ocHOBHBIE pe3ybTaThI:
O HCCIIEIOBAHBI TPACKTOPUM C HANepEs 3aJaHHBIM KOJIMYECTBOM KacCaHUU
WJIM YJApOB O CTEHKH OMJIBSPAHOIO CTOJA;
O HCCIIEOBAHBI TPACKTOPHUM C  HaAmepén  3aJaHHbIM  KOJIMYECTBOM
IIPOXOXKICHUN Yepes3 LIEHTP CToJa,
O HCCIIEOBAHO MOBEACHUE TPACKTOPUI Ha CToJIaX B (pOpMe MPOM3BOJIBHBIX
3- 1 4- YrOJbHUKOB M NMPABUIBHOIO MATUYTOJIBHUKA.

Cnucox aumepamypol.
lameniepun I'.A., 3emisikoB A.H.. MaTtematudeckue Ounbsipasl. —M.: Hayka, 1990
(bubimoteuka «KBanT». BBIN. 77).

KBASUTAPMOHHUYECKHUE ®YHKIINU HA 'PA®AX

I'opes Bagum, Kacumos Pyciaan
11 kaacc, Cneyuaausupo8aHHblll yuebHO-HAY4HbIU yeHmp (pakysibmem) —
wkoaa-unmepHam umeHu A.H. Koaimozoposa Mockosckoz2o 2ocydapcmeeHH020
yHugepcumema umeHu M.B. /lomoHnocoea, Mockea

Hayunblii pykoBoauTens: ctapiuit tabopant CYHI MI'Y
Hukura Koncrantunosuu bamaes

OyHKIMI0O Ha Tpade Ha3bIBAIOT 2apMOHUYECKOU €CIIM 3HAaYeHUE B KaKIOU
BEpIIMHE PaBHO CPeAHEMY M0 €€ cocensiM. MOXKHO MPUBECTH MHOKECTBO TPUMEPOB
rapMOHUYECKUX (PYHKIMN W3 MaTEeMaTUKU M (DU3UKU, BCE OHM OOJAJAIOT PAIOM
3amMe4yaTeIbHbIX  CBOMCTB. B  cBoeii  pabore MBI  BBOJMM  IIOHSTHE
K6asuecapmoHuyeckou (yHKIMH, pa3pelias yIOMSHYThIM PaBEHCTBAM HapyIIAThCs
He 0oiee YeM Ha HEKOTOPYIO (PUKCUPOBAHHYIO BEIUYUHY.

[enbto OBLIO MOHSATH, KAK CHJIBHO OYIyT OTJIMYATHCS MOJy4YeHHbIE (QYHKIUU OT
rapMoHunyeckux. Ham okazanuce nmosie3Hsl JuHelHas ainredpa, aHalus3, BEKTOPHBIE U
MaTPUYHbIE HOPMBI, COKHUMAIOLIUE OTOOPAKEHUsS, JIMHEWHbIE PEKyppPEHTHBIC
ypaBHeHUs U 361k Python.

O0603HaunM 3a T BEKTOp U3 pa3HOCTEN MEXly 3HAUEHHEM B BEPILUHE U CPEIHUM
1o e€ cocensaM. Hanm oCHOBHBIE pe3yJIbTaThl:
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® [IpU HE3HAYUTEIHHBIX OTPAHUYCHUSIX HA rpad) CYIECTBYET OUEKIIUS MEXKTY
BekTOpaMu T ¥ KBa3UTapMOHMYECKUMHU (YHKIIASIMH, 3aBUCUMOCTb MEXITY
HUMH siBJIsieTcs adGUHHOM;

® KBa3uUTapMOHHUYECKHE (PYHKIMH 0Opa3yloT Mmapajuieienuries] B N-MepHOM
IPOCTPAHCTBE;

o (yHKIMSI ¢ MaKCUMQJIbHBIM  OTKJIOHEHHEM OT TapMOHHYECKOU
COOTBETCTBYET BEKTOPY T C MaKCHMaJbHBIMU KOOPAMHATAMH; TAK)KE MBI
npeqiaraeM 3(QQEKTUBHBIE OIICHKH HAa MaKCUMAaJIbHOE OTKIOHCHHE IS
naHHoro rpada;

® MBI HCCIIEyeM HUTEPALlMOHHBIE MPOIECCHl ISl HAXOXKJEHUS (DYHKIUH C
3aaHHBIM T W WX CKOPOCTh CXOJAMMOCTH; C TOMOIIBIO ATOTO CTPOUM
OILICHKY Ha MaKCUMaJIbHOE OTKJIOHCHHE.

Cnucok numepamypbwi.

1. Cocunckuit  A.b. MpbuibHbIE TIAEHKM W ChOydallHble  OyXJaHUS.
(https://www.mccme.ru/free-books/mmmf-lectures/book.6.pdf)

2. Christakis Nicholas A., Fowler James H. The Spread of Obesity in a Large
Social Network over 32 Years.
(https://www.nejm.org/doi/full/10.1056/NEJMsa066082)

O CYHHECTBOBAHUUA 3AMOLIEHUA
B KOHEYHBIX I'PYIIITAX

buabaanos PaBuisb, ['opsiuenko Bagum
10/11 kaaccwl, Cneyuaau3upoB8aHHbIl yUebHO-HAYYHbIU YeHmp
npu Hosocubupckom eocydapcmeeHHOM yHUgepcumeme.

Hayunslii pykoBoguTens: A.¢.-M.H, pod. A. B. Bacunben

3amowenuem N-MEPHOTO MPOCTPAHCTBA B '€OMETPUU Ha3bIBAeTCs pazOueHue N-
MEpPHOTO TMPOCTPAHCTBA N-MEPHBIMA MHOTOTPAaHHUKAMHU 0€3 MepeKphITHs (CM.,
Hanpumep, [1,2]). IloHsiTue 3amollleHHs] TEPEHOCHUTCS HAa TEOPHUIO0 TPYyMIN, TAe
3aMOIIEHWEM Ha3bIBaeTCA pa30MeHue TpyIbl Ha JBa (WK OOJBINE) MHOXKECTBA
TaKuX, YTO KaXAbIM 3JEMEHT TPYIIbl €IUHCTBEHHBIM O00pa3oM IpECTaBISCTCS B
BUJIC TIPOM3BEJCHUS OJJEMEHTA IEPBOTO MHOXECTBAa W JJIEMEHTa BTOPOTO
MHOECTBA.

Jlns abeneBbIX (KOMMYTaTHUBHBIX) TPYNN 3ajadya OMUCAHUS €€ 3aMOIICHUN C
3aIaHHBIMU CBOMCTBAMHU M3y4aiach MHOTUMHU aBTopamu (cM. [3]). OnHako B ciiydyae
MIPOMU3BOJIbHBIX (HE KOMMYTAaTHUBHBIX) KOHEUHBIX T'PYIII HEM3BECTEH JaXe OTBET Ha
CIENYIONIMHA BOMPOC: BEPHO JIM, YTO JJIA JIOOOW TPYMIBl MOPSAKA N U JTFOOBIX
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HAaTypalbHBIX YWCET a W b TakuxX, 4TO N = ab, HAWAYyTCS JBAa MHOXKECTBA
MOIIIHOCTHU @ U b, KOTOpbIE SBIISIOTCS 3aMOIICHUEM JTAHHOW TPYIIIIBI.

B nanHO#l pabGore MBI AaéM TMOJOXUTEIBHBIM OTBET Ha OSTOT BOIPOC IS
KOHEUHBIX Pa3pEHIMMBIX TPYII, T. €. JJIs TPYII, 0O0JaJalolnX KOHEUHBIM PSI0M
HOPMaJIBbHBIX MOJTPYIII ¢ adesieBbIMH (pakTopaMu (CM., Hapumep, [4]).

Teopema. [lycTte G — KOHEUYHas pa3peminMasi TpyIra MopsaKka 1, HaTypaJbHbIC
yucna a u b TakoBsl, yTo N = ab. Toraa B rpynne G HaiiayTcs MOAMHOXeCTBa A U
B, MomtHOCTEH @ ¥ b COOTBETCTBEHHO, JII KOTOPBIX G = AB.

Cnucok rumepamypol:

1. KonmoropoB A. H. IlapkeTsl U3 mpaBUIBHBIX MHOTOYTOJBHUKOB // KBaHT.
1970. Ne 3.

2. Coxeter H. S. M. Regular Polytopes. London: Methuen, 1948.

3. SzaboS., SandsA. D. Factoring Groups into Subsets. London: Taylor Francis.
2009.

4. KapramnonoB M. U., MepzmsikoB FO. U. OcnoBbl Teopuu rpynmn. M.: Hayka,
1982.

CPABHEHHUE bOJIbHINX YNUCEJI

E¢danosa Kcenusn
9 kaacc, wkoaa I'GOY OL] «[Ipomon», Mockea

Hayunbie pykoBoautenu: TaTesana CepreeBHa MOKCAKOBA,
1.¢.-M.H., podeccop PITY, MI'Y u HezaBucumoro YHuBepcurera
['eopruii bopucosuy I1labat

[enb paGoTHI:
O HAY4YUTbCSI CPABHUBATH OOJIBIIINE YUCIA;
O TMPUMEHSTh HA MPAKTUKE MOJyYCHHBIC 3HAHMUS.

Yucio 9999999999999999 nacTonpKO BEIHMKO, YTO €ro TPYIHO Ha3BaTh. YHCIO
999999! (moutn MuuHMOH-(akTopuan!) emé Oomble, HO Ha3BaTh €r0 MOXKHO, H
MO>KHO 3aIICaTh BHIPAKEHUEM BCEro B 7 CHUMBOJIOB.

OrpoMHBIMH 4YHCIaMH W WX HMEHaMU HWHTepecoBaica eme Apxumen,
HanucaBimid  nenyro kaury — «Ilcammuty  (mp.-rpeu. Woppitng, Hcuucienue
MECUYNHOK). A B Hamie BpeMs O3TH 4YHCIa MOXHO H3y4aTh C TOMOIIBIO
KOMIBIOTEPOB... HO OHH JOBOJIBHO OBICTPO HAYMHAIOT CTAHOBUTHCS THTAHTCKUMH,
MIEPETOJTHSAS MaMsITh KOMIbIoTepa. Toraa mpuxoauTcs nmoayMarh!
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st uccnemoBaHvs OONBIIUX YHCEN sI MCHOJb30BaJia JIOTapuMHUpPOBAHUE U
dopmyny Crupnuara. C MOMOIIBIO 3TUX METOAOB OBLIM IMOJYYEHBI JAHHBIC, IO
KOTOPBIM OBIITN BBIBEJCHBI OCHOBHBIC 3aKOHOMEPHOCTH.

Chnucok aumepamypbi:

1. Bukwumnemus http://nujen-sovet.ru/katalog/obuchenie-kak-nazivayut-chisla-
velikany-kak-nazivayutsya-bolshie-chisla-nazvaniya-bolshix-chisel.php

2. JlutByn JIx. Matemarndeckas cmecb.— M.: Hayka, 1973, ctp. 105—110.

3. Ilepenpman .M. 3anumarenbHast actpoHomus. —M., U3n-Bo: TexHuko-
TeopeTuyeckoi aureparypsl, 1954. —212 C.

I'EOMETPUYECKHUE METO/AbI PEHIEHUSA
MNOJUHOMMUAJIBHBIX YPABHEHUM.

3000Ba Upuna
10 knaacc, MyHuyunasibHoe a8moHOMHOE 06Wjeobpa3osamesbHoe yupexcoeHue
cpedHsis obweobpaszosamenvHas wkoaa N2 17 ¢ yaayb6aeHHbIM U3yvYeHUem
omaoesibHbIX npedMmemos, 2. ll]eakoso, MO

Hayunblii pykoBoUTENb: K.().-M. H, YYUTEJIb MAaTEMaTUKU
MAOQOY COUI Ne 17 r. lenkoBo, Hatansst BnanumuposHa batxuna

[lenbr0 HACTOAIIETO HUCCIEAOBAHUS SIBISECTCS MPUMEHEHHE METOJ0B CTEIEHHOU
F€OMETPUHU K HMCCIIEOBAaHUIO OCOOBIX TOYEK alreOpanyecKux KPHUBBIX U K MOUCKY
MPUOJIMKEHHBIX 3HAYEHU KOPHEH MHOTOUJICHOB.

PaccmarpuBaetrcsi anreOpanyeckoe ypaBHEHHE OT JBYX MEPEMEHHBIX ¢
NpPOU3BOJIbHBIMU  Kod(dPuimentamu. Kaxxgomy ero MOHOMY CTaBUTCS B
COOTBETCTBHE JBYMEPHBIM IIEJIOUYHUCIICHHBIM BEKTOp MOKa3aTelie CTEeNeHEer
BXOJSIINX B HEro IEPEMEHHBIX. MHOXKECTBO JTHUX BEKTOPOB HAa3bIBACTCS
Hocumenem MHOTousieHa. J[anee cTpouTcs BhIMyKIIas JIMHEWHAst 000JI0YKa HOCUTEIS
—  MHozoyeonbHUuK  Hviomona. Kaxaomy peOpy O5TOro MHOTOYroJIbHHKA
COOTBETCTBYET YKOPOYEHHOE ypaBHEHHE, KOTOpoe oOJajaeT CIeAYIOIINUM
CBOWMCTBOM: €CIIM MUCXOJIHOE€ YPABHECHHE MMEET PEUICHHE B BUJE PAJIa MO CTEIECHIM
IIEPEMEHHOM, TO TEPBBIM YJIEH OJTOr0 psAna €CTh PEUIEHHE HEKOTOPOTo
YKOPOYEHHOTO YpaBHEHHS. DTOT MOJAXOJ HCIOIb3YETCS AJIsl ONPENENICHUs] THUIla
O0COOBIX TOYEK HEKOTOPBIX alreOpanyecKuX KPUBBIX W PA3JOKEHUS B PSANbI UX
BETBE B OKPECTHOCTH OCO00OW TOYKHU. [[7s TeX KpPUBBIX, KOTOPHIE IOMYCKAIOT
palMOHATIBHYIO TIapaMeTPU3alldI0, MOJYYEHHbIC PpA3JI0KEHUSI CPABHUBAIUCH C
Pa3I0KEHUEM TOYHON PallMOHAIIBHOM ITapaMeTPU3aLUU KPUBOM.

Jlist anreGpandeckoro ypaBHEHUsS! OT OJHOU NEPEMEHHOW MOKHO paccMaTpUBaTh
JoMaHyr0 Apamapa — HEKOTOpbIM aHaJor MHOroyrojbHuka HpIOTOHA,
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YUYUTBHIBAIOIIMM HE TOJBKO IIOKA3aTeIM CTENEHEd OJHOYIEHOB, HO M HX
KO3 (UIIMEHTHI. YKOPOUEHHBIE YPAaBHEHUS B 3TOM CIyyae MMEIOT Majible CTETICHH,
KOPHU KOTOPBIX NPOILE HANTH, U KOTOpble OyayT HAYaJlbHBIMU MNPUOIMKECHUSIMU
KOpPHEH UCXOJHOTO YPAaBHEHHS. DTOT METOJ ObLII IPUMEHEH K HAXOXKIECHHUIO IEPBBIX
npUOIMKEHUN KOPHEH MHOTOUYJICHOB PA3JIMYHBIX CTEMEHEH.

Cnucok numepamypbi:

1. bprono A. JI. CteneHHas reoMeTpusi B areOpandeckux u auddepeHmanibHbIX
ypaBHeHUsIX. —M.: Hayka. ®usmatiur, 1998.— 288 c.

2. Yoxkep P. JIx. Anrebpanueckue kpuBble, niep. ¢ auria. A. 1. Y3koB.— 3-e u3g.—
M.: Kamxaeiid noMm «JIMBPOKOM», 2009.— 240 c.

3. Yeborapes H.I'. Muoroyrompuuk HpioTOHa M €ro ponb B COBPEMEHHOM
passutuu mMatematuku / //«caak Hetoron».— AH CCCP, 1943.— C. 99—126.

INPOU3BOJAHBIE TOXAECTBA ACCOUUATHUBHbIX
AJI'EBP C IMHEUHBIM ONIEPATOPOM

KonosanoBa Moanna
10 knaacc, CYHL] HT'Y, 2. Hosocubupck

Hayunsiit pykoBoauTeNb: A.¢.-M.H, 3aB. Ja0opaTopuel TEOpUHU KOJell
Nucturyra matematuxu uMm. C. JI. Co6onea CO PAH
[TaBen CepreeBuu KonecHukoB

Ilyctsh A — accoumaruBHas anrebpa, T: A - A — nuHeliHOEe OTOOpa)KeHUE.
Paccmotpum mpoctpancTBOo A Kak anreOpy ¢ JABYMsT HOBBIMU OWJIMHEWHBIMU
OTIepaIsIMHU «KyMHOXEHU, 0003HAYaEMBIMU «<» U «>», 33JJaHHBIMU TI0 TIPABIITY

T(wv=u>vulT(v) =u < v s 100bIX U, UV U3 A.

YrBep:iknenue 1. [Insg moObIX X,Y,Z U3 A BBIIIOJIHEHO TOXIECTBO

x><z)=x>y) <z

[Tycts f(xq, ..., X, ) — TH000€ popMasibHOE BRIpAKEHHUE, KOTOPOE MOTYJIaeTCs U3
nepemeHHbIX X = {xy, ..., X,} Ipu moMou omnepanuii <, >, + U YMHOXXCHHs Ha
CKaJsip. 3HaU€HUE 3TOro (OPMAIBHOTO BBIPAKEHUS MOXKHO BBIUMCIHMTH HA JIFOOOM
BEKTOPHOM TmpocTpaHcTBe V' ¢ 3amanubiMu oneparusmu <,>. Eciau f(vq, ..., v, ) =
0 st IOOBIX Vyq, ..., U, U3 V, To f Ha3bIBaeTcsa <,> - mooicoecmeom Ha V.

HazoBem L-TokmecTBoM Takoe dopmaibHOE BBIpakeHHue f(Xq, ..., X, ), KOTOpOE
SBiIseTCS <,> - TOXKJISCTBOM Ha JIFOOOM acCOIMaTHBHOM anredpe A I oreparuid
<,>, 3aJJaHHBIX TI0 MPUBEICHHOMY BBIIIIC MTPABUITY MPHU MTOMOIIU JTHOO0TO JIMHEHHOTO
oToOpaxeHus T.

Teopema. Eciu f(xq,...,x,) — L-mooxcoecmeo, mo f(xq,..,x, ) sAe1semcs
ceocmeuem moscoecma ounuHetiHocmu onepayuti <,> u moxcoecmaa (L).
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JpyrumMu cinoBamu, TOXJIeCTBO (L) — eauHCTBEHHOE 00llee OrpaHMYeHUE Ha
ormepauuu <,> TOJY4YCHHbIE TPU TMOMOIIM JIMHEWHBIX OTOOpakeHUil Ha
aCCOIIMATHUBHBIX alredpax.

PACIIO3HABAHUE KVIETOYHbIX
OUT'YP 1O CIIEKTPY

MuteB Poman
9 kaacc, lllkoaa umenu mapwanaa B.H. Yytlikosa Ha 020-8ocmoke, 2. Mockea

Hayunbiit pykoBoauTenb: K.(.-M.H., acc. kadenpsl anreOpsl 1 pyHIaMEeHTATbHON
nHpopMaTUKu Y palnbCcKkoro (heneparbHOr0 YHUBEPCUTETA
M. nepBoro npe3uaeHta Poccun b.H. Enbrinna,
Anexcanap Jleonnnosuu [lonoBuu

Pabota nocsiieHa U3y4yeHuIo pacKpacok KJIETOYHOH IUIOCKOCTH M OTIO3HABAHUIO
KJIETOYHBIX (PUTYpOK IO TEM LBETaM, KOTOpPhIE OHU 3aHUMAIOT Ha IJIOCKOCTH.
Tounsle onpenenenus OyAyT JaHbl HIDKE. Packpacka KJI€TOUYHOW MIIOCKOCTH — 3TO
KJIACCUYECKAasl KOHCTPYKIHMSA, YaCTO BO3HUKAIOLIAsl B PA3HBIX 3aJadax, CBA3aHHBIX C
3aMOILIEHUSMH TUIOCKOCTH KaKUMHU-TMOO Qurypamu wiM paspesanusmMua guryp [1].
Hamm onpenenenns 0060011at0T 4aCTO BCTPEUYAIOLIUECS PACCYKACHUS IIPU PELIEHUU
MHOTMX TaKHX 3aJ]iay.

IlycTh KJIETOYHAs IUIOCKOCTh pacKpaunleHa B 1 LBETOB, TO €CTh KaXKIOU KIIETKE
COMOCTAaBJIEH KOHKPETHBIN LBET U3 33JaHHOTO KOHEYHOI'O MHOKECTBA U3 1 I[BETOB.
[lycts nana Hekast ¢urypa u3 kietok. ITonoxxum e€ Ha IUIOCKOCTh M BBIMMILEM
MHOKECTBO I[BETOB 3aHATHIX KJIETOK C YUYETOM KpaTHOCTH. [loslyueHHOE€ MHOXKECTBO
LIBETOB HA30BEM CNEKmMpoM (PUTYPBHI.

Bynem roBopuTh, 4TO packpacka pacro3HaeT JBe (PUTypbHI, €CIH MpU JT0O0M UX
pa3MeIeHnd Ha TUIOCKOCTH MX CHEKTPhl pa3iaudHbl. ['py0o TOBOps, €ciu Ham
COOOIIIAT TOJBKO CIIEKTPhI MEPBOM U BTOPOM (PUTYpP, MBI BCETJIa MOXKEM OIPEICITUTH,
Kakass ¢urypa ObuUla mNepBOiM, a Kakas BTopod. Bo wMHormx 3amauax, Kak
OJIUMIUATHBIX, TaK W HCCIEA0BATEIbCKUX, TPEOYeTCs CTPOUTh PaCKpPACKH,
pacno3Haromye KOHKpeTHble mapbl ¢uryp [2]. [loatomy paccMoTpeHme gaHHOTO
MIOHATHSI aKTYaJIbHO.
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3aMeTuM, YTO CJIOBa «pa3MelleHne GUrypbn» TpedyroT yrouneHuid. EctecTBeHHO
paccMaTpuBaTh TPU BAPUAHTA, KAK MOKHO TPAKTOBATh 3TH CJIOBA!

O (¢urypy MOXHO IIOBOpauMBaTh, II€PEBOpPAuYMBATh U TMEPEHOCUTH IIO
IUIOCKOCTH NapajuIeIbHBIMU IIEPEHOCAMU;

O ¢urypy MOXHO TOJIbKO IOBOpauYMBATh U IEPEHOCHUTH MapajlieIbHBIMU
IEPEHOCAMUY;

O JOMYCTUMBI JIMIIb MapajulelibHbIE TEpPEHOChl, ©0€3 TMOBOPOTOB U
IIEPEBOPOTOB.

NMest HeorpaHMYEHHOE KOJMYECTBO I[BETOB, HETPYJIHO AJIA JIFOOBIX JABYX (puryp
IOCTPOUTH PACKpacKy, KOTopas pacno3HaeT nx. HajnoxuB orpaHudeHUE Ha 4YHCIIO
[[BETOB, MbI ITOJIyYUM JOBOJIBHO TPYAHYIO IIPOOIEMY.

IIpodaema. CymiecTByeT Ju Takoe 1, 4TO JItOObIE BE (UTYphl PACIO3HAIOTCA
HEKOTOPOM PACKPACKOU B 1l LIBETOB?

[locTaBnenHass mpoOiiemMa CIUIIKOM CIIOKHA, YTOOBI PEHIUTh €€ IMOJIHOCTHIO,
OJIHAKO HaMH IOJTYYEH YaCTUYHBII OTBET:

Teopema 1. Ilyctb npu pa3MenieHuun @QUrypy MOXKHO TOBOpPAYUBATh,
[EPEBOPAYMBATh U NEPEHOCUTDH MAapauIeIbHBIMU IepeHocamMu. Toraa CymecTByroT
1B (GUTYpbI, KOTOPHIE HE PACIO3HAIOTCSI HUKAKOW pacKpackoil B IECTh LIBETOB.

Teopema 2. Ilycts mnpu pasmenieHuu QUIrypy MOKHO TOBOpavyMBaTh U
NEPEHOCUTh NapauleIbHBIMU IEepeHocaMu. Torjga CylecTBYIOT JBE (QUIypHI,
KOTOPBIE HE PACTIO3HAIOTCS HUKAKOW paCKpacKoW B TPU LIBETA.

Teopema 3. IlycTte mpu pa3MemieHUM QUIYPY MOXKHO TOJBKO IEPEHOCUTH
napaJjieibHbIMU [epeHocamMHu. Torjaa cCylmecTBYIOT JIB€ (QUIypbl, KOTOpbIE HE
PACIIO3HAIOTCS HUKAKOW paCKpacKoOH B J1Ba L[BETA.

Chnucox numepamypol.
[1] A. Ky3uenoB. O meTozne packpacku Ha mpumepe oaHoM 3anauu. Keant, 2015

Ne3, c. 25-27.
[2] A.A. Kanens-benos, A.K. KoBansmxku. Kak pemator HecTaHapTHbIE 3aa4H.
M.: MIJHMO, 2008. — 96c¢.
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O TPAMNELUU U AEJLTOUJIE

Mopo3oBa AHHa
10 knacc, MBOY COIII Ne1, c. Usmanakoeo, /luneykas ob6.aacmo

Hayunsiit pykoBoautens: yunrenb Mmatematuku MBOY COL Nel c. M3mankoBo
I'anuna BacunweBHa lllamprna

B psny y4eOHBIX MUCHUILINH, COCTABJISIFOIIMX INKOJBHBIM KypC MaTeMaTHKH,
reOMETPHS UTPaeT 0CO00 BAKHYIO POJb. DTa POJIb ONMPEACISAETCS U OTHOCUTEIbHON
CJIIO’)KHOCTBIO T€OMETPHUH, U OOJIBIIIMM 3HAUYCHHEM ATOTO TpeaMeTa i U3yUYCHHS
OKPYKaIOIIIET0 MUPA.

AxmyanvHocmv ucciedo8anuss: TCOMETPUS SIBISETCS OJHUM U3 CaMBIX CIIOXKHBIX
MPEAMETOB, W3y4aeMbIX B IIKOJIE, MTOPTOMY MHOTHE YyYallhuecs IUIOXO YCBAaWBArOT
yueOHbIi MaTepuai. ['eoMeTpust Kak ydeOHbI IpeAMET HYKIaeTCAd B IPUBHECEHUU
B He€ MHTEPECHBIX M 3aHUMATEILHBIX 3a/1a4.

L{env pabomoi: yCTaHOBUTH CBSI3b MEXKAY JJIMHAMU CTOPOH M BEJIMYMHAMU YTJIOB
PaBHOOEPEHHON Tpamnenuu U JAeNbTOuAa, 00pa30BAHHOTO OMCCEKTPUCAMHU YTJIOB
JTAHHOW TpAIlCIUU.

3a0auu  uccneoosanus: WU3YUYUTh TEOPETHUYCCKMM  MaTepual [0  TeMe
WCCJICIOBAHMS; HAWTH BEIMYMHBI YTJIOB JEIbTOWA; BBIYUCIUTH JJIMHBI CTOPOH
JENbTON/IA; BEIYMCIIUTD IEPUMETP U IUIOMIA b ACIBTOUIA.

Tunomesa uccneoosanusi: €CIM W3BECTHBI pa3Mepbl Tpamenud, TO MOXKHO
YCTAaHOBUTH 3aBUCHUMOCTh MEXIAY HUMHU M JJTMHAMHU CTOPOH W BEJIMYMHAMH YTIIOB
IeabTOnaa, 00pa30BaHHOTO OMCCEKTPUCAMHU YTJIOB TPAIICIUH.

Memoouwl uccnedosanus. cOop, aHaimu3 u 0000IeHUEe WHPOpPMAIUU; PEIICHUE
3a/lay; COMOCTaBJICHHE WMEIOIIMXCA B HAIWYUU MaTepuasioB. B  Hamem
MCCJICIOBAHUM BCE 3a7a4d MPO TPAIEIUIO0 U JACIBTON MBI IPUAYMATH U JTOKa3aJIH
CaMH.

[IpoBenss HEOOXOMUMBIC OKA3aTENIbCTBA, MBI TMPUIUIA K HIDKCH3JIOKCHHBIM
BBIBOJIAM M TTOJTYYHIIH CIICAYIOIINE PE3yIbTaThl:

1. Buccexmpucwl yenoe pagHobeopeHHou mpaneyuu 0opasyom 0eabmouo.

2. Mbul Hawnu 6enuuuHbvl Y2108 0enbmouod.

3. Buisenu ¢popmynvt 015 8bluucieHUs OIUH CMOPOH 0elbmouod, e2o nepumempa

u niowaou.

4. Hanucanu  npocpammy 01l GbINOJIHEHUS  PACYEMO8  HA  S3bIKe

npoepammuposanus Pascal.
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Cnucok aumepamypbi.

1. CkanaBu M.M. COOpHUK 33724 110 MATEMATHUKE JIJI TOCTYMAIOIIUX B BY3bI (C
pemenusmu). ['eomerpust /.—9-e u3a., mepepad. u mon. —M.: U3naTensckuid
nom OHUKC: Anpsac-B, HoBas Bomna, 1999.— 512 c.

2. @apkoB A.B. llIkonbHble MaTeMaTHdyeckue onummuansl. S—I11 kmaccel. —
M.: BAKO, 2014.— 240c. — (Macrtepckas y4uTesst MaTeMaTHKH).

I'PYHIIA, IIOPOXKXIAEHHASA ITIOBOPOTAMUA
CMEXHBIX TPAHEA KYBUKA PYBUKA

Heuaes Erop
11 kaacc, Cneyuaau3upo8aHHbll y4ebHO-HAYYHbIU yeHmp (¢pakyibmem) —
wkoaa-uHmepHam umeru A.H. Koamozoposa Mockosckozo 2ocydapcmeeHH020
yHugepcumema umeHu M.B. /lomonocoea, Mockea

Hayunslii pykoBoauTensb: K.(p.-M.H., noueHt CYHII MTI'Y,
Bnagumup Hatanosuu /lyOpoBckuii

B pabore uccinenoBaHa rpynmna, MOPOXKJIEHHAs MOBOPOTAMHU JBYX CMEKHBIX
rpaHeil kyOuka PyOuka Cc THOMOIIBIO HMCCIEIOBAHMS CBSI3aHHBIX C HEH TIpynn
JBUKEHUSI OTAEIBHBIX 3JIEMEHTOB JBYX I'pPaHEll — YIJIOBBIX U PEOEPHBIX KyOUKOB.
PaccMoTpeHneM MOpOXKAAIOIMKX DJIEMEHTOB JO0KA3aHO, YTO IPYIIa MEPECTaHOBOK
péoepHbIX KyOMKOB wu3oMopdpHa Sy. ['pynma moBOpOTOB CpemHHX KyOHKOB

TPUBHAJIbHA, TPYIINIAa TOBOPOTOB YIJIOBBIX KyOUKOB H30MOp(pHA Zg.

I'pynna nmepecTaHOBOK YIJIOBBIX KyOMKOB M30MOpdHa Ss. [ mokaszarenbcTBa
ATOro (akTa pacCMOTPEHBI B3aUMHBIE PACIIONOXKEHUS Map KyOUKOB (K1accul, BCETO
15). B xaxxnoit mape B HauaJIbHOM IMOJOKEHUU OJMH KYOUK HAXOJUTCS B «BEPXHEM)
pAny, ApYrou moj HUM B «HWXKHEM». [[oka3aHO, 4TO 5 B3aMMHBIX PACIIOJIOKECHHUMN
nap HEBO3MOXKHBI. [[J1s1 BceX BO3MOXHBIX B3aMMHBIX PACIIOJIOXKEHUIN JT0Ka3aHO, YTO
BHYTPHM HEro HEKOTOpbIe MEPECTaHOBKM Map TaKKe HEBO3MOXHBI — u3 48
BO3MOYHBIX [TEPECTAHOBOK U OPUEHTUPOBAHMI Map JOCTUKUMBI TOJIBKO 12.

B kaxnom kitacce BBIAEIEHO 2 MOJKIIAcCA, JOKA3aHO, YTO U3 MOAKIACCOB MOKHO
BbIOpaTh IO OJHOMY OJJIEMEHTY TakK, 4YTO OHU OyAyT oOpa3oBbIBATH TpYIIILY,
nzoMoppHyto Fs, a moikiacc, B KOTOPbIA BXOJIUT HEUTpalbHas NEpecTaHOBKA
(moxkmace 0+), o6pazyer rpymiy, nzoMmoppuyo Ze. U3 TOro, uto mjis snemeHTa b
Kakoro-Jm0o mojkiacca u 3jemMeHTaanokinacca 0 anemMeHTab NpuHAAIEKUT TOMY
e TOJIKJIACCy, YTO M b, CleayeT, 4TO KaXKIbI 3JEMEHT TPYIIbl MepPecTaHOBOK
YIJIOBBIX KyOMKOB IPEICTaBUM €IMHCTBEHHBbIM 00pa3oM B Bujae hk, rae h € Gy —
AJIEMEHT rpynnbl nojkinacca 0+, k € Gg — 37eMeHT Tpynibl, U30MOPPHOIF's.
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Jloka3aHo, 4To

Ss = {hk|h € Zg, k € F5}.
[TonydeHo MojHOE OMMCaHUEe TPYIIIbI:

72 X ((As X A;) X 7).

JOINMOJIHEHHUE K CITUCKY BEPHUKA

Denopenko Exarepuna
9 kaacc, MyHuyunaibHoe 610dxcemHoe 06ueobpa3zosamebHoe yupexcoeHue
«Pusuko-mamemamuueckuil auyeti» copoda Cepzues Ilocao.

Hay4dHblll pyKOBOJUTENB: CTAPIINNA HAYYHBIA COTPYAHHUK, HAYAJIbHUK JIA0OpaTOpUU
12 HHHU MO P®, 3a6aBun Banepuit Hukonaesuy

B 1982 ronmy YunbsiM BepHHK cOCTaBWJ CHUCOK 3a/lad Ha BOCCTAHOBJICHHE
TpEeyroJbHHKA MO TPEM TOUYKaM M3 cleayromux mrectHaamaru [1]: A, B, C, O —
BEPIITMHBI TPEYTOJIbHUKA W IIEHTP OIMHUCAHHOW OKPYXKHOCTH; M, My, M, G —
cepeaHbI CTOPOH TPEYroJibHUKA U 1eHTp macc; Hy, Hp, He, H — ocHoBanus BbicOT
TpeyrojibHUKa U OpToUeHTp; T4, Tp, T, | — OCHOBaHUS OHCCEKTPHUC TPEYTrOJIbHUKA
U ICHTP BIHUCAHHOW OKPYXHOCTH. [locTpoeHus MOJIKHBI OBITH BBIIOJHEHBI TPU
MOMOIIY [UPKYJISI U JINHEHKH.

K Hacrosimiemy BpeMeHHM Bce 3adadd pemieHsl (T.e. Jau00 yka3zaH croco0
MOCTPOCHUSI TPEYTOJbHUKA, JUOO0 JTO0KAa3aHO, YTO IMOCTPOEHHWE HEBO3MOXKHO) [2].
Pemenus 3amay, rae mnocTpoeHUe BO3MOKHO, TPUBEAECHHI B [3].

OO6pamiaer Ha ce0s BHMMaHUE OTCYTCTBHE B CIIMCKE IIEHTPOB BHEBIHMCAHHBIX
OKPYXHOCTEMN

(I3,1p,1c). Ix noGaBiieHre B HECKOJIBKO pa3 YBEIUUUT KOJMYECTBO 3a/1a4, [I03TOMY
orpannunmcs Toukamu: A, B, C, 1, |, Iy, |..

[ens paboThl — penuTh 3a/1a4M Ha MOCTPOCHUE TPEYTOJIbHUKA TI0 TPEM TOUYKAM
u3 Habopa A, B, C, 1, I, Iy, |, (ykazaTs cmoco6 moctpoeHue win a0Ka3arh, 4TO ITO
HEBO3MOXKHO).

[TpunnmnuansHo passbie 3aaaun: ABC, ABI, ABI,, ABlI;, Alla, Ally, Alyl,, Alglg,
1.1y, lalple. TlepBbie nBe MpUCYTCTBYIOT B CIMCKe BepHuKa, MOTOMY MBI MX HE
paccMaTpHUBaEM.

BroiBoa. PeiieHsl Bce 3a1aun Ha MOCTPOEHUE TPEYTOJIbHUKA MO TPEM TOUYKAM U3
Hatopa A, B, C, I, I, 1, |, momomnstomero crnumcok BepHuka. YcTaHOBIICHBI
HEO0OXOMMBIC U JOCTATOYHBIC YCIOBUS CYIIECTBOBAHUS NCKOMOTO TPEYTOJIbHUKA (B
BUJIe¢ TPEOOBaHUS K B3aMMHOMY PAaCIOJIOXKEHHI0 ToueK). B ueTkipex 3amauax oH
€AMHCTBEHHBIM, B 4YeThpeX — HX OECKOHEYHO MHOI0. YKa3aHbl CIOCOOBI
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IIOCTPOEHUsI TPEYroJibHUKAa. BO BCEX pacCMOTPEHHBIX 3a/adax [OCTPOCHHE
BO3MOJKHO.

Cnucok 1umepamypol:
1. Wernick W. Triangle Constructions with Three Located Points. — Math.

Mag., 55 (1982), 227-230.

2. http://hydra.nat.uni-magdeburg.de/wernick/

3. benses C.A. BoccraHoBieHHe TpeyrojbHMKa MO TpeM Toukam//
Marematuueckoe npocsenieHue. Tperbs cepus, Boin. 19. — M.: MIUHMO,
2015. C. 109—137.
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