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MaTtemaTnyeckoe moaenu POBaHUNE U
LLIKOJ14a

B poCcCUMNCKON WLIKONE, KaK CYHUTAETCA, HE U3YYAOT MaTEMATUYECKOoe
moaennposaHue. Ho n3yyatot matemaTuKy, GU3MNKY, XMUMUIO,
npPorpaMmMmmMpoBaHme n T.A4.

Ha camom gene Bce eCcTeCTBEHHbIE HAaYKU €1MHbI, @ MaTEMaTHKA U
MHPOPMATMKA — 3TO MHCTPYMEHTbI, CO3Z,aHHbIE MO 3anpocam PU3nNKu
N APYTUX «MPAKTUYECKUX» HaYK.

MaTemaTtunyeckoe mogennposaHme —31o, No Cytun, metos Bcex
KONMNMYECTBEHHDbIX MCCﬂe,ﬂ,OBaHMVI B 110ObIX HaYyKaxX.

C TOYKM 3pEHMA LLKONbI, MaTEMATUYECKOE MOAENNPOBaHNE — 3TO
obpaTHOe coeiMHeHME BCEX eCTECTBEHHbIX HAayK B € 4UHYIO
«sciencey.



Mathematical modeling and school

In Russian schools, mathematical modeling is not taught as a

separate subject. Mathematics, physics, chemistry, programming and
so on are studied.

In fact, all natural sciences are one, and mathematics and computer
science are just instruments created at the request of physics and
other “practical” sciences.

Mathematical modeling is essentially the method of all quantitative
research in all sciences.

From the school point of view, mathematical modeling is the
rejoining of all natural sciences into a single “science”.



MaTtemaTnyeckoe moaeamnposaHme U
ecrecCtBeHHble HayKU

Jlioboe nccnenoBaHme, ULLyLLLEE CBA3b MeX Ay U3MEPMMbIMU

(KonnyecTBeHHbIMUM) NapameTpamu Yyero-n1Mbo, NopoxKaaeT
MaTEMATUYECKYIO MOAEeNb.

MaTemaTnyeckas moaenb — 3TO BCEraa HeKoTopoe yrnpoLLeHue,

HEeKoTopas KOHLeNTya/n3aLuma, OTCeKaloLan Kakme-To CBOMCTBa
pPeasibHOCTH.

N3yyeHne a0ek8amHoU MmaTeMaTU4ECKOM MOAEIN NO3BONAET
Y3HaTb HEKOTOpPbIE CBOMCTBA 0O bEKTa MOAEIMPOBAHUA.

ANEeKBAaTHOCTb MAT.MOA4€eNEN — BONPOC KPAaNHE C/OKHbIWN.



Mathematical modeling and natural
sciences

Any research looking for a connection between measurable
(quantitative) parameters of something generates a mathematical
model.

Mathematical model is always a certain simplification, a certain
conceptualization that disregards some properties of reality.

The study of an adequate/valid mathematical model allows one to
determine some of the properties of the simulated object.

The adequacy/validity of mathematical models is an extremely
difficult question.



[TocTpoeHne maTeMaTUYECKUX MOENEN

CTpaTernm nocTpoeHmnsa MmaTeMaTUYECKNX MOAENEN:

e «OTTeopumu»: B 06n1acTaX, rae y*Ke noytm BCE N3BECTHO N MMELOTCA
XOPOLO NOATBEPKAEHHbIE TEOPUN, MAT.MOAE/IN CTPOATCA KaK
4YaCTHbIW cny4yan Teopun. OBbIYHO eCTb KKOHCTPYKTOP» U3
NPUMUTUBOB, MO3BO/IAIOWMNA «COOUPATL» MAT.MOZE/b.

[MpnMmepbl: KNnaccuyeckana MexXaHMKa MU nNp. Knaccuyeckana dusnka

* «OT gaHHbIX»: B 061acTax, rae obLmx TeoOpun HEeT, I HENOHSATHO,
4YTO NPOUCXOAUT B SKCMEPUMEHTE, MAT.MOZENN CTPOATCA KaK
MHCTPYMEHT NOUCKA 3aBUCUMOCTEN B AaHHDbIX.

Mpumepsbl: buonorms/meanumHa, «nepeaHnin Kpam» nobbix
eCTeCTBEHHbIX HAYK



Building mathematical models

Strategies for building mathematical models:

 “From theory”: in areas where almost everything is already known
and there are well-confirmed theories, mathematical models are
constructed as a special case of the theory. Usually there is a
“construction set” of primitives that allows one to “assemble” a
mathematical model.

Examples: classical mechanics and other classical physics

 “From data”: in areas where there are no general theories, or it is
not clear what is happening in the experiment, mathematical models
are built as a tool for finding dependencies in the data.

Examples: biology / medicine, cutting edge of all natural
sciences



TUNbl «NPOCTbIX» MaTEMATUYECKUX
Mmoaeneu

1) Anrebpaunyeckme moaenu:
k

R0 mo-ren

PV=vRT




Types of “simple” mathematical models

1) Algebraic models:
k

I Y = Fekx

PV=vRT




Tnnbl «n POCTbIX» MaTeMdTUHEeCKUX

Mmoaeneu
2) Perpeccuu
.« [Jannvble: (x,y,), i=1..N
| N Perpeccus:
10f y=f(x,0)+e

© - napameTpbl, € - OLIMOKaA

/ h JInHenHas per.: f=a+bx,

a n b — napametpsbl (O)

.................................

20 -10 1020 30 40 50 60 KgaapaTU4HaA per.: f=a+bx+cx?,
a, b u c — napameTpbl (O)

CyLWwecTBYIOT CTaHAAPTHbIE METOAbl BbIYMC/IEHUA HAUNYYLLNX
napameTpos O No AaHHbIM (X,Y;) («MeToAbl NOATOHKKU perpeccumy,
«MEeTO, HAMMEHbLUMX KBaApPaTOB», U T.1M.)



Types of “simple” mathematical models

2) Regressions

*’_ . °® Data: (Xl’yl)’ i=1...N
_ Regression:
o A y=f{x,0)+e
RSOt © - parameters, € - error
/ . Linear regr.: f=a+bx,
.| a n b — parameters (6)

20 10 1020 30 40 50 60 Quadratic regr.: f=a+bx+cx?,
a, b u c — parameters (6)

There exist standard methods of calculating the optimal parameters 6
from data (x,y;) (“regression fitting methods”, “least squares method”,

etc.)



Tunbl «NPOCTbIX» MaTEMATUYECKUX
Mmoaeneu

3) 3BONOUMOHHbIE MOAENN: KOTAA YTO-TO U3SMEHAETCHA BO BPEMEHM

* YacTo Takme moaenun onucbiBatoTca gndpdpepeHumnanbHbiMm
YPaBHEHNAMMU

* JlNCKpeTHOo-anrebpanyeckmnim BapmaHT
X(t+1)=f(X(t), 6, ...), t—Bpems

Hanpumep (Mogenb ManbTyca — pocT UM BbIMUPAHME NONYyAALUK
C yAeNbHOWM CKOPOCTbIO a):

X(t+1)=(1+a)X(t)



Types of “simple” mathematical models

3) Evolutionary models: when something changes with time
* Such models are often described by differential equations

* Discrete-algebraic version
X(t+1)=f(X(t), 6, ...), t—time

Example (the Malthus model: the growth or extinction of
population with a specific rate a):

X(t+1)=(1+a)X(t)



Tunol «MPOCTbIX» MaTeMdTUHECKUX
Mmoaeneu
4) CroxacTuyeckme moaenm (moagenun c snNeMeHTOM CY4anHOCTH)

* YucTto BepOATHOCTHbIE Moaenn (Ha OCHOBE TEOPUM BEPOATHOCTEN) —
BblYMC/IEHME BEPOATHOCTEN COOBITUI Ha OCHOBE pacnpeaeneHunm

120

 CTOXacTMYEeCKUM BapUaHT
3BO/IIOLMOHHbIX MOAENEN:
BMECTO CKOPOCTEMN MPOLLEeCcCcoB
3a4al0TCA UX BEPOATHOCTU Ha
Ka*KgoMm Luare

HKnUpHaa "MHNA Ha rpaduKe —
NEeTePMUHUPOBAHHDBIN «ManbTycy,

OCTa/IbHbl€ IMHNN —
«CTOXACTNYECKnUn ManbTyc»
C TOM K€ CKOPOCTbIO POCTa a.

20

!
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Types of “simple” mathematical models

4) Stochastic models (models with randomness)

* Purely probabilistic models (based on probability theory) -
callcullatilng ’;he Iprolbalgilitiles Qf events based on distributions

120

* Stochastic versions of
evolutionary models: instead of
the rates of processes, their
probabilities at each step are set

1 The bold line on the chart shows
the “deterministic Malthus,”

other lines represent the
| “stochastic Malthus”
with the same growth rate a.

!
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Tunbl «NPOCTbIX» MaTEMATUYECKUX
Mmoaeneu

5) AreHTHble (CMMYNALUMOHHbBbIE) MOAENN

* Co3paeTca «KOMMNbIOTEPHAA Urpa», B KOTOPOM HEKOTOPbIe CYLLHOCTU
(areHTbl) B3aMMOAEMCTBYIOT U CO3at0T KaKoe-TO C/I0XKHOoe obLee
nosegeHue.

e AreHTHble MOoAeNn NO3BONAIOT OTOOPA3UTL CNOMKHbBIE CXEMDbI
B3aMMOAENCTBUSA MeXay areHTaMMu.

* [Mpumepsbl (NetLogo):
— ¢popmmpoBaHMe CTam NTUL, HAa OCHOBE NPOCTbIX MPAaBUA NONETA KaXKA0MN NTULbI

— pacnpocTpaHeHne MHPEKLUNIM B CTPYKTYPUPOBAHHbIX NONYNALMNAX



Types of “simple” mathematical models

5) Agent-based (simulational) models

* A “computer game” is built in which some entities (agents) interact
and create some kind of complex collective behavior.

 Agent models allow one to describe complex patterns of interaction
between agents.

 Examples (in NetLogo):

— formation of flocks of birds based on simple flight rules for each bird

— spread of infections in structured populations



CnyyauHble BeNnYmnHbl-1

 CnyyauHan Be/IMMMHA — OCHOBHOE MOHATME TEOPUN BEPOATHOCTEMN
(KOoTOpYIO HE paccKa3biBatOT B WKONE). Ha «BbITOBOMY» YPOBHE, 3TO
HEKWUW NpoLecc, MNOBTOPAA KOTOPbIM MOXHO NONYYaTb Pa3Hble
3HaYeHuA (Hanp., BPOCKN UrpanbHOro KybmKa nam MOHeTbl)

* Ecnm npouecc «HeEM3IMEHEH», TO NPU 0O4YEHb BOIbLLIOM KONNYECTBE
He3aBUCUMbIX MOBTOPEHMUIM YaCTOTbl Pa3HbIX UCXOA0B («3HAYEHUNY)
CTabUAN3MPYIOTCA M CXOAATCA K TOMY, YTO Ha3bIBAETCA
pacnpeaeneHMem Cay4auHOM BENIMUYMNHDI U XapaKTepusyeTt cobom
€€: «C KaKOM BEPOATHOCTbIO Mbl MOJIYYUM KaXKAbl N3 BO3MOMKHbIX
MCXOA0B B €ANHNYHOM SKCNEPUMEHTEY.

* Yem b6onblue cobpatb peanbHbIX UBMEPEHUIN, TEM DAUXKE
M3MepeHHbIE MO HUM BbIBOPOUYHDbIE YacTOTbl MCXOA0B K UCTUHHOMY
pacnpeneneHuto.



Random variables-1

Random variable is the basic concept of probability theory (which is
not taught in school). At the “common sense” level, this is a kind of
process, by repeating which you can get different values (for
example, throwing a dice or a coin).

If the process is “unchanged”, then with a very large number of
independent repetitions, the frequencies of different outcomes
(“values”) stabilize and converge to what is called the distribution of
the random variable. It characterizes the RV: “with what probability
do we get each of the possible outcomes in a single experiment?"

The more real measurements are collected, the closer the sample
frequencies measured from them are to the true distribution.



Cny4damnHble BeIMYUHbBI-2 (pacnpeneneHums)

1 2 3 4 5 6

A
)

«4eCTHbINY WeCTUrpaHHbIN KybuK:
ncxoabl 1,2,3,4,5,6 ¢ paBHbIMU
BeposATHocTAMM 1/6=16,(6)%

BepoAaTHOCTb
o

o

= (6]

o
o
(02}

o

Ucxopn,

0,3

«HeyeCcTHbIN» WeCTUrPaHHbIM KybuKk: | 025
|—

ucxodpl 1,...,5 ¢ sepoatHoctammn 15% ¢ 92

o £ 0,15

ncxon 6 ¢ BepoATHOCTbIO 25% S .

GJ ?

“ 0,05

0

1 2 3 4 5 6



Random variables-2 (distributions)

0,2
“Fair” 6-sided dice: .
outcomes 1,2,3,4,5,6 with equal % '
probabilities 1/6=16.(6)% g o
o 0,05
0
1 2 3 4 5 6
Outcome
0,3
“Unfair” 6-sided dice : _ 0%
outcomes 1,...,5 with probab-es 15% = °°
. ope o 0,15
outcome 6 with probability 25% 2 o4
- 0,05
0
1 2 3 4 5 6

Outcome



Cny4amnHbie BenndmnHbl-3 (cpeaHee)

 CpepHee 3HaYeHMe CAY4aMHOMN BeIMUUHDBI (MaTemaTuuecKoe
O)XUAaHMe) — TO 3Ha4YeHMe, KOTOPOE NOJIYYUTCA, ECAN MONYUYUTb
OYeHb MHOTO HE3aBUCUMbIX 3HAYEHUWN CY4aUHOMN BENNYNHbLI U
yCpeaHUTb.

* [loaCYET MaT. OXKUOAHUA: CYMMUPOBAHNE NPOMN3BEAEHNN 3HAYEHNI
MCXOA0B Ha X BEPOATHOCTMU:

— X;— i-blil BO3MOHbIN UCXOZ,

— p;— BEPOATHOCTb /-ro ncxona Mx = z XiDi
i
— Mx — maT. oXXnaaHue cn.BeNnymHbl X

[na «yecTHoro» Kybuka: Mx=(1-1/6 + 2:1/6 + ... + 6:1/6) = 3,5
Ona «HeyecTHOro» Kybuka: Mx=(1-0,15+ ... + 5:0,15 + 6:0,25) = 3,75



Random variables-3 (mean)

* The expected value of a random variable (mean) is the value that

will be obtained if a lot of independent values of a random variable
are obtained and averaged.

e C(Calculating the mean: sum up the products of the outcome values by
their probabilities:

— X;— I-th possible outcome
— p,— the probability of the i-th outcome l_ iPi

— Mx —the mean of x

“Fair” dice: Mx=(1-1/6 + 2:1/6 + ... + 6:1/6) = 3.5
“Unfair” dice : Mx=(1-0,15 + ... + 5:0,15 + 6:0,25) = 3.75



Cny4amHbie BenndmHbl-4 (UncneHHble)

* BbluMCNATbL NapamMeTpbl CAY4aUHbIX BENNYNH MOKHO U YUCSIEHHO
(MeTogom MoHTe-Kapno): reHepupoBaTb MHOMO peasin3aLuum
C/Iy4aWHbIX BEZIMYMH NO 3a4aHHOMY pacnpeaesieHuto, a 3aTemM «B
Nnob» cunTaTb Kakme-To napameTpbl (Hanp., cpegHee) no TakK
NONIYYEHHbIM CUHTETUYECKUM AaHHbIM.

* B Aa3blkax nporpammmpoBaHma obbi4HO ecTb PyHKUMA (rand, random,
rnd v T.4.), reHepupytoLLLaA NceBaoc/y4amHoe YNCN0, PaBHOMEPHO
pacnpeaeneHHoe ot 0 4o 1 nam ot 0 oo MAX_INT.

e [1nA reHepaunn AUCKPETHOWN CN.BEANYUHDI C U3BECTHbIM
pacnpeaeneHmem Hago NPOCTO OTCYMTATb 3HaYeHume rnd no
KYMYZIATUBHOMY pacnpefeneHmio;




Random variables-4 (numerical)

* Itis possible to calculate the parameters of random variables
numerically (using the Monte Carlo method): generate many
realizations of random variables according to a given distribution,
and then simply calculate the parameters (e.g., the mean) from the
synthetic data obtained.

* In programming languages, there is usually a function (rand, random,
rnd, etc.) that generates a pseudo-random number distributed
evenly from O to 1 or from 0 to MAX_INT.

* To generate a discrete RV with a known distribution, you just need to
place the value of rnd onto the cumulative distribution:

0 005 01 015 02 025 03 035 04 045 05 055 06 0.6 .7 075 08 08 09 095 1

random



KaK co3a4aBaTb maT. MOAENb

Co3paHue maT. MOZENM NOXOXKe Ha pelleHne 3a4a4m no pusmnkKe:

1. Hapo noHATb, «4TO BOOOLLE NPOUCXOANT», KAKUMMU
«nepemMeHHbIMU» OMNnUCbIBaeTcs CUTyauuto/obbekT (T.e. co3aaTb
«KOHLENTYaNbHYIO MOAENbY).

2. OnpenenuTb 3aKOHbI/NpaBuMia B3aMMOCBA3N MeEXKIY
«rnepemeHHbIMU». ITO MOTYT ObITb M paHee N3BECTHbIe 3aKOHbI, U
KaKne-To npnbnmsntenbHblie NpaBmaa C HEM3BECTHbIMMU
napameTpamu.

3. Ecnu ectb HEM3BECTHbIE NAapPaMETPbl, OLUEHUTb UX U3 MMEIOLLIUXCA
NaHHbIX («HACTPOMKa MoAEeNn HA AaHHbIE» UM NPAMAs OLLEHKA
NapamMeTpoB U3 AaHHbIX).

4. WN3y4ynTb CBOMUCTBA NOJIY4EHHOIO MAaTEMATUYECKOMN MOAENU
(onncaHusa cBsizen mexkay «nepemeHHbIMUY), NOAYYUTb NOoNE3Hble
BbIBOAblI O CBOMCTBAX OObEKTA N3YYEHMUA.



How to build a mathematical model

Creating a mathematical model is similar to solving a problem in
physics:

1. Understand “what is happening in general”, what “variables”
describe the situation/object in hand (i.e., create a “conceptual
model”).

2. Determine the laws/rules that govern the relationships between the
“variables”. It can be both previously known laws, or some
approximate rules with unknown parameters.

3. If there are unknown parameters, estimate them from the available
data (“fit the model to the data” or evaluate the parameters directly
from the data).

4. Study the properties of the obtained mathematical model
(descriptions of relationships between the “variables”), get useful
conclusions about the properties of the object of modeling.



Y10 nonKHO BbITb B MaMOHT-CTaTbe

MHormne Ba*kHble TpeboBaHNA K MaMOHT-CTaTbe ONMUCaHbI B
[lpaBunNax KOHKypca. [1poyTuTe X BHMMATE/IbHO.

[naBHaA 3a4a4a CTaTbU — BHATHOE ONMUCaHMEe NpoaenaHHOM paboTbl U
NOSIyYEeHHbIX Pe3yabTaToB.

B cTaTbe He A01XKHO ObITb U3NULLHEN «BOAbI», 3TO 3aMyTbiBaeT
YnTaTeNA U He AaeT emMy YBUAETb Balln peasibHble AOCTUMKEHUS.

OAWH U3 TNaBHENLLNX KPUTEPUEB OLEHKM PabOoTbl — 3TO
06O0CHOBAHHOCTb NPUHATBIX B HEN UCC/IEA0BATENBCKUX PELUEHUN:
cnegyeT o6bACHATb, NOYEMY Bbl CAe1aNN TaK, a HE MHade (Kpome
O4YeBUAHbIX peweHni, pasymeeTca). [larke ecnm Bbl 3HaeTe
«cnabocTb» KaKoro-To pewerHmsa, o6 sTom Hago NMcaTb NPAMO.

BHATHaa popmMynnMpPOBKa pe3ynbTaTos.

B poccumncKkmx WwKonax He obyyatoT «scientific writing». Ho Bceraa
HaA0 KOraa-To Ha4MHaATb U NbITAaTbCA HANMUCATb CBA3HbIN TEKCT.



What should be in the MMC paper

Many important requirements for the MMC paper are listed in the
Contest Rules. Read them carefully.

The main aim of the article is a clear description of the work done
and the results obtained.

The article should not contain unnecessary “padding”, this confuses
the reader and does not allow them to see your real achievements.

One of the most important criteria for evaluating a paper is the
validity of the research decisions made in it: you should explain why
you did it this way, and not otherwise (except for obvious decisions,
of course). Even if you know a “weakness” of a “modeling move”,
you should write about it openly.

A clear statement of the results.

Russian schools do not teach “scientific writing”. But one always has
to start somewhere and try to write a coherent text.



Cnacmbo 3a BHMMaHuel
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